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Relativistic Hartree-Fock model for axially deformed nuclei
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Axially deformed relativistic Hartree-Fock (RHF) model with density-dependent meson-nucleon couplings
is established in this work, in which the integrodifferential Dirac equations are solved by expanding the Dirac
spinor on the spherical Dirac Woods-Saxon base. Using the RHF Lagrangians PKOi (i = 1, 2, 3), the reliability
of the method has been illustrated by taking the light 2°Ne, midheavy Fe, and heavy Pb isotopes as examples.
As a preliminary application, the systematic study of 2’Ne shows that PKO1 and PKO3, which contain the
m-pseudovector (-PV) coupling, improve the description of the binding energy of 2’Ne, as compared to PKO2
and the selected RMF Lagrangian. Moreover, it is found that the tensor force components carried by the 7-PV
coupling can present substantial effects in determining the shape evolution of nucleus.
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I. INTRODUCTION

In past decades, worldwide developments of the
radioactive-ion-beam (RIB) facilities and advanced detectors
[1-5] have largely enriched the field of nuclear physics, which
has been extended from the traditional stable nuclei to the
ones far from the stability line in nuclear chart, namely exotic
nuclei [6-10]. Meanwhile, lots of novel nuclear phenomena
have been observed when approaching the drip lines, such as
the quenching of traditional magic shells and the emergences
of new ones [11-19], the dilute matter distributions—halo
phenomena [20-22], etc. Such interesting novel phenomena
not only largely promote the development of nuclear physics
with plentiful new opportunities, but also challenge our
understanding on nuclear systems from both theoretical and
experimental sides.

On the other hand, it is well known that most nuclei in
the nuclear chart are deformed, except a few of them which
locate nearby magic numbers. In the early 1950s, many evi-
dences, such as the relationship between the nuclear quadru-
ple moments and shell structure [23-27], the rotational-like
spectra [28,29], etc., indicated that nuclei can have shape
away from spherical. It is worthwhile to mention that some
consequences of nuclear deformation were even discussed by
Bohr and Kalckar in 1937 [30]. Recently, intensive attentions
were paid on the evolution of nuclear shape because of the
notable progress of the laser spectroscopy at RIB facilities
[31,32]. Being coupled with the deformation effects, more and
more novel nuclear phenomena were discovered during the
exploration of the boundary of the nuclear chart, such as the
island of inversion [33-36], shape coexistence [37-39], su-
perdeformed and hyperdeformed configurations [40,41], etc.
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In fact, intensive efforts have been devoted to understanding
these colorful phenomena, which are potentially related to the
deformation.

As one of the typical representatives, the relativistic mean
field (RMF) theory founded on the meson exchange diagram
of nuclear force [42], also referred as the covariant density
functional theory (CDFT) in recent years, provides an efficient
and predictive tool in exploring the structure properties of
nuclei which spread over almost the whole nuclear chart
[43—-49]. With a renormalized relativistic mean field, i.e., the
so-call o-w model [50], the RMF theory presents an appro-
priate saturation mechanism of nuclear matter. Afterwards, in
order to solve the problem of large incompressibility, intensive
attempts have been devoted to the modeling of nuclear in-
medium effects [S1], either via the nonlinear self-couplings
of meson fields [52-54] or the density dependencies of the
meson-nucleon coupling strengths [55-58], and the accuracy
and model reliability in describing various nuclear phenomena
are largely improved with the proposed effective nuclear
interactions. With the covariant representation of strong scalar
and vector potentials of the order of several hundred MeV,
the RMF theory provides simple and efficient descriptions of
nuclear structure properties, such as the natural interpretation
of strong spin-orbit couplings [59,60] and the origin of pseu-
dospin symmetry [61,62].

Extending to the nuclei with deformation away from the
spherical symmetry, large efforts were devoted to solving
the partial differential Dirac equations of the nucleon in the
relativistic framework, for instance by expanding the Dirac
spinors on the analytic harmonic oscillator (HO) [63-65]
or numerical Dirac Woods-Saxon (DWS) [66,67] bases. For
the former, the Dirac spinor and the relativistic mean field
that contains only the Hartree terms of the meson-nucleon
couplings are expanded in terms of fermionic and bosonic
harmonic oscillators, respectively, which works well in ex-
ploring the structure properties of the axially deformed nuclei
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[44]. However, when extrapolating to the regions far from
stability, namely exotic nuclei, it met serious difficulties in
providing appropriate asymptotic behaviors of the wave func-
tions because of the limit of the HO potential, particularly
for halo nuclei. Although such defects may be overcome
by considering a large mount of oscillator shells [68], it
strongly increases the numerical cost that in fact violates the
simplicity of the HO base. Another alterative recipe is to
employ the local-scaling point transformation to modify the
unphysical asymptotic properties, namely the transformed HO
base [69-71]. With the fast development of computational
technology, it becomes possible to expand numerically the
wave functions on the complete set made of the solutions of
the Dirac equation with a Dirac Woods-Saxon potential [72],
namely the DWS base [66]. Compared to the HO potential,
the Woods-Saxon potential [73] would decrease smoothly to
zero at large distance, which is essential to provide appropriate
asymptotic behaviors of the density distributions, particularly
for the exotic nuclei. Practically, the extension of the RMF
theory—relativistic continuum Hartree-Bogoliubov (RCHB)
theory [74]—has achieved great successes in describing not
only spherical exotic nuclei [47], but also the axially deformed
ones with the help of the DWS base [75-77]. As one of
the typical examples, a novel mechanism—the decoupling
between the deformations of the core and the halo in “Mg—
has been predicted by the axially deformed RCHB theory
[75].

Notice that the Fock terms, the inseparable part of the
meson exchange diagram of nuclear force, are dropped in
the RMF theory for simplicity. Thus, due to the limitation
of the Hartree approach, the important degrees of freedom
associated with the - and p-tensor couplings cannot be
taken into account by the RMF approach. In particular the
important ingredient—the tensor force, that plays significant
role in nuclear shell evolutions [78,79], symmetry energy
[80], and excitations [81-85]—is also missing in the RMF
scheme. In the past more than ten years, comparable accu-
racy as the conventional RMF model in describing nuclear
structure properties has been achieved by the density depen-
dent relativistic Hartree-Fock (DDRHF) theory [67,86] with
the proposed relativistic Hartree-Fock (RHF) Lagrangians
PKOIi(i = 1,2,3) [78,86] and PKA1 [87]. Meanwhile, with
the inclusion of the Fock terms, significant improvements
are also obtained on the self-consistent description of nuclear
shell evolutions [78,79,88,89], tensor force [80,90,91], spin
and isospin excitations [92-96], effective masses [86], sym-
metry energy [97-99], new magicity [89,100,101], and novel
phenomena [101-103]. Thus, it would be quite valuable to
investigate the effects of the Fock terms, particularly the m-
and p-tensor couplings, in describing structure properties of
deformed nuclei.

In fact, there already exists some attempt to extend the RHF
theory to describe the deformed nuclei. In 2011, the relativis-
tic Hartree-Fock-Bogoliubov (RHFB) model for axially de-
formed nuclei was established by expanding the Dirac spinors
and RHF mean field on the deformed fermionic and bosonic
HO bases, respectively [104]. However, due to the numerical
complexity induced by the Fock terms, the calculations are
quite time consuming, especially for the rearrangement terms

due to the density dependencies of meson-nucleon coupling
strengths, and the application is limited only for light de-
formed nuclei. On the other hand, it is not quite expectable
in exploring the light exotic nuclei due to the limits of the HO
base. In this work, as inspired by the successes achieved by the
DDRHF theory, the axially deformed relativistic Hartree-Fock
model is developed by expanding the Dirac spinors on the
numerical DWS base, and as a preliminary application the
role played by the w-pseudovector coupling in nuclear shape
evolution is clarified by taking 2’Ne as an example. Notice that
the pairing correlations are still restricted in the BCS scheme
in this work, which works well in describing the nuclei nearby
the stability line while less reliable for the unstable ones,
particularly in exploring the halo structure in exotic nuclei
[105]. Moreover, for the nuclei with super/hyperdeformation,
the validity of the expansion on the spherical DWS basis
should be tested more carefully, which is not the focus of the
current work.

The paper is organized as follows. In Sec. II, we give the
general formalism of the axially deformed RHF model based
on the DWS base. In Sec. III, the results and discussions
are presented, including the space truncation, the convergence
check, and the description of 20Ne by PKOi, in which the
role of m-pseudovector coupling is analyzed. At the end, a
summary is given in Sec. V.

II. GENERAL FORMALISM

In this section, we will briefly recall the general formal-
ism of the relativistic Hartree-Fock (RHF) theory, and the
RHF energy functional of an axially deformed nucleus with
the spherical Dirac Woods-Saxon (DWS) base. To give a
complete impression to the readers, some details related to
the density-dependent meson-nucleon coupling strengths, the
pairing correlations, the DWS potentials, etc., will be also in-
troduced. Meanwhile, the numerical difficulties in prior RHF
calculations of deformed nuclei will be stressed to provide the
readers an overall understanding of the status.

A. RHF energy functional

Based on the meson-exchange diagram of nuclear force,
the Lagrangian density for nuclear systems, namely the start-
ing point of the theory, can be constructed by considering the
degrees of freedom associated with the Dirac field—nucleon
(¥) and meson fields—the isoscalar ones, including the o me-
son (o) and w meson (w"), and the isovector ones including
the p meson (p*) and 7w meson (77), and the photon field (A*).
Among the selected degrees of freedom, the isoscalar mesons
are introduced to take the strong attractions and repulsions
between nucleons into account, and the isovector ones for the
isospin-related aspects of nuclear force, and the photon field
for the electromagnetic interactions between protons [51].
Therefore, the Lagrangian density for nuclear systems can be
expressed as

L=y+ L+ L+ L+ L+ O+ 4, ()
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where the Lagrangians of the free fields £, (¢ =
v, o, 0", p*, 7, and A*) read as

L =P y"d, — M)y, 2
Ly = +33"00,0 — Imio?, 3)
Ly = —1Q27Q, + imlw, 0", 4)
Ly =—iR. R 4+ m’p" - by, (5)
Ly = 430,77 — ImlF -7, (6)
&y = —L1F"F,, (7)

with the field tensors Q" = 9w’ — 8"wk, R’ = J*p" —
a"p*, and F" = 9"AY — 9"A*. Considering the Lorentz
scalar (o-S), vector (w-V, p-V, and A-V), tensor (p-T), and
pseudovector (7-PV) couplings, the Lagrangian density .%;
that describes the interaction between nucleon and mesons
(photon) reads as

- N 1—13
= W( — 8,0 — oY Wy — go¥"T - Py — ey” Ay
i vap = I Lo
+ﬁaﬂva p“~r—m—1ysy“w-r v 8)

In the Lagrangian densities, M and m, are the masses of the
nucleon and mesons, and g, (¢ = o, 0, p*) and fy (¢’ =
p*, ) represent the coupling strengths of various meson-
nucleon couplings. In this paper, we use the arrows to denote
the isovector quantities and the bold types for space vectors.

Following the standard variational procedure, one can
derive the Dirac equations for the nucleon, Klein-Gordon
equations for mesons, and Proca equation for photon from the
Lagrangian density .Z as

(—iyd" + M + )Y (x) = 0, )
O+m)o = —g. ¥y, (10)
O+ mp)o" =+g,¥y"y, (11)

) o Lo = ons
(@ +m})p" =+, 0" 10 — B3 0 Ty,

(12)

O+ m)7 = 43,2 5y5y 2y, (13)
My
-

0F" = e — By, (14)

where the square box [ = 9,,d*. In the Dirac equation (9),
the self-energy X can be obtained following the variational
principle.

From the Lagrangian density (1), one can also obtain the
Hamiltonian via the Legendre transformation. After neglect-
ing the time-component of the four-momentum carried by the
mesons and photon, and substituting the relevant equations,

the Hamiltonian can be derived as

H=T+ZV¢, (15)
¢

where the kinetic energy (7') and potential energy (V) terms
read as

T = /dxﬁ(X)(—i)' -V 4+ M)y (x), (16)

1 - -
V¢ = z/dxdx/l/f(x)w(x/)F¢D¢Iﬁ(x/)W(x), a7

In the potential energy terms Vj, ¢ represents various two-
body interaction channels, namely the o-scalar (o-S), w-
vector (w-V), p-vector (p-V), p-tensor (p-T), p-vector-tensor
(p-VT), m-pseudo-vector (w-PV), and photon-vector (A-V)
couplings. The interaction vertex I'y(x, x") are of the follow-
ing form:

[os = —8o(X)go (1), (18a)
1—‘w—V = (ga)yp,)x(ga)yu)x” (18b)
v = (€oYu®x - (V" Ty, (18c)
1 . e
Tpr = W(fpovkra")x (fo0 " E ), (18d)
1 . -
FP-VT = w(fpakvfak)x : (gpyvf)x’
1
+ (gpyv?)x : W(fpakv?ak)xH (18e)
-1 . . )
Crpv = W(fnTVSVuaM)x (faTysynd )y,  (18)
b1
62
Cav = Z[Vu(l —)l[y*( = 3)ly. (18g)

After neglecting the retardation effects, namely ignoring
the time component of the four-momentum carried by the
mesons and photon, the propagators Dy (x, x’) in the potential
terms V;, read as

1 emslx—~| 11

T 4r x—x|

= — . 19
AT A e — x| (19
To get the energy functional, we restrict ourselves on the
level of the mean field approach. Such that the nucleon field
operator ¥ in the Hamiltonian (16) can be quantized as

Y =Y ilx)e e, (20)

where the annihilation operators c; are defined by the positive
energy solutions of the Dirac equation (9), ¢; is the single-
particle energy (e; > 0), and v;(x) is the Dirac spinor of state
i. It should be noticed that in quantizing the nucleon spinor
Y [i.e., in Eq. (20)], the contributions from negative states are
neglected, namely the no-sea approximation, in consistency
with the mean field approach that is often utilized in studying
the ground state properties of nuclei [43,44,47,106]. With
the no-sea approximation, the energy functional E can be
deduced from the expectation of Hamiltonian with respect to
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the Hartree-Fock ground state |®g) as

E = (®o|H|Dg) = (Po|T|Pg) + Z (Po|Vs|Do),  (21)
¢

A
Do) = [ f10), (22)
i=1

where A is the mass number of the nucleus, and |0) is the vac-
uum state. In the two-body interaction part Vy, the expectation
leads to two types of contributions, i.e., the direct Hartree and
exchange Fock terms. If one considers only the Hartree terms,
it leads to the so-called relativistic mean field (RMF) theory.
If both the Hartree and Fock terms are taken into account, it
corresponds to the relativistic Hartree-Fock (RHF) theory.

With the obtained energy functional, the variational
operation,

5[E -3 / dij(x)w[(x)] —0, 23)
leads to the integrodifferential Dirac equation as

/ dx'h(x, X )ri(x') = e (x), (24)

where ¢; is the single-particle energy of the state i, and the
single-particle Hamiltonian A contains three parts, namely
the kinetic terms #5i", and the mean potential terms including
the local contributions #” and the ones from the Fock terms
hE:

MY = - p+ y'M18(x — x'), (25)

WP = [Sr(@)ys + Zox) + y ' Zs(@)]8(x —x),  (26)
E __ YG(x,x,) YF(xvx,)

= <X6(x,x’) Xr(x, x/)>' 27

In the above expressions, KhP contains the local scalar
self-energy X, the time-component of the vector one ¥, and
the tensor one X7, and AF contains the nonlocal mean fields
X6, Xr, Yg, and Yr contributed by the Fock terms. In consid-
ering the density dependencies in the meson-nucleon coupling
strengths, namely taking g4 (¢ = o, 0¥, p*) and fy (¢’ =
p*, i) as functions of nucleon density p, = 1y, the vari-
ation (23) may lead to an additional contribution to the self-
energy X, i.e., the rearrangement terms Xx [58,67,86,87].

B. Numerical difficulties in RHF descriptions
of axially deformed nuclei

In this work, we restrict ourselves with the axial symmetry,
i.e., focusing on the axially deformed nuclei. Standing on the
level of the mean field approach, the nucleons are considered
as point-like particles moving in an axially symmetric mean
field. Consistent with the axial symmetry and reflection sym-
metry with respect to the z = 0 plane, the complete set of
good quantum numbers is denoted as (vmm), where v is the
principle quantum number, 7 represents the parity, and m is
the projection of total angular momentum on the symmetric
z axis. In the following, for simplicity, we use the index i
to denote the quantum number set (vrr, m < 0). The Dirac

spinor of the nucleon in Eq. (20) is therefore of the following
form with cylinder coordinate (p, z, ¢):

i(m—1/2
UerT(Q, Z)gt(m /2)¢

1 fv—n(@ Z)ei(m+l/2)</)

Yoam(Q, 2, @) Z«/T_JT igt (0, o112 (28)
lg;;-[ (Q, Z)ei(m-}—l/Z)go

In practice it is not quite straightforward to solve the integrod-
ifferential equation (24), particularly for the axially deformed
nuclei.

Within the RMF approach, the Dirac equation (24) is
reduced as a partial differential equation for the axially de-
formed nuclei. It can be solved by expanding the Dirac spinor
on the deformed oscillator base, in which the local mean fields
were also calculated by expansion in a deformed harmonic
oscillator base [65]. In Ref. [104], a similar attempt has been
performed to solve the integrodifferential Dirac equation for
axially deformed nuclei, and both local and nonlocal mean
fields were calculated via the expansion on axially deformed
oscillator bases. However, the calculations of the nonlocal
mean fields are too time consuming, particularly in dealing
with the rearrangement terms generated by the density depen-
dence of the coupling strengths [104], which largely limits the
extensive study in heavy nuclei.

In cylindrical coordinate space (o, z, ¢), the meson propa-
gators Dy can be decomposed as

[o¢]
Dy = 4L eiu«ofw’)/‘oo kdk
T o ag(k)

p=—00
x J,, (ko) (ko e~ =1, (29)

where ay(k) = k> + mé)l/ 2. Similar decomposition can be
obtained for the photon D, if set my =0 [107]. As an
alterative choice, one can solve the Dirac equation (24) by
expanding the Dirac spinor on some selected base, such as
the oscillator base [65,104]. Then, the RHF mean fields can
be calculated directly in cylinder coordinate space with the
obtained wave functions. In principle, such procedure shall
be valid for the RHF calculation of the axially deformed
nuclei. However, in the expansion (29), the exponential term
exp [ — a4 (k)|z — Z/|] will induce some singularity, i.e., rather
sharp peaks appear at z = z’. This brings additional algorithm
difficulty for the integration over the z coordinate. Moreover,
the Bessel functions J,, result in the oscillating and rather
slowly decaying integral term in Eq. (29). Numerically, it
makes the precise calculation of the integration over k rather
difficult.

In contrast to the cylindrical space, the propagator in
the spherical coordinate space (r, ¥, ¢) can be expressed as
[106,108]

Dy = Z(—l)"’ Rfm(r, Y0, (Y5, (R),  (30)

Ayly

where & = (¥, @), the index A, is used to denote the expan-
sion terms of the Yukawa propagator, and R; ;, contains the
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modified Bessel functions / and K as

1 1
Rfyxv = Eﬁlk),+l/2(m¢r<)KA‘-+1/2(m¢r>)s 3D
B IS B

= — . 32
WA T2 20y A 1t (32)

Comparing the expressions in cylindrical and spherical ge-
ometries, it is clear that the integration in Eq. (29) corre-
sponds to the infinity sum over A, in Eq. (30) for given u,.
Apparently, it is not an easy task to overcome the oscillating
integration over k in Eq. (29).

Due to the mentioned algorithm difficulties, in this work,
we consider the expansion of the Dirac spinor in a spherical
Dirac Woods-Saxon (DWS) base [66,67]. Compared to the os-
cillator one, the DWS base owns the advantages in providing
appropriate asymptotical behaviors of the wave functions. It
is essential for the reliable descriptions of the exotic nuclei.
On the other hand, it will be similar to deal with the energy
functional (21) as the spherical case [106], and the cutoff of
the DWS base in expanding the Dirac spinor (28) will auto-
matically truncate the infinity sum over A, in the propagator’s
expansion (30), which avoids the divergence naturally.

C. RHF energy functional for axially deformed nuclei
with the DWS base

Restricted with the spherical symmetry, the complete set
of good quantum numbers contains the principle one n, the
angular momentum j and its projection m, and the parity 7 =
(—1)! (I is the orbital angular momentum). For convenience,
the quantum number « is often used to denote the angular mo-
mentum j and the parity 7,i.e.,« = j+ 1/2for j=1—1/2
andk = —(j+1/2)for j =1+ 1/2,and w = (—1)“sign(x)
[108]. The Dirac spinor in the DWS base is of the following
form:

(;a gzkn1 i}a
1( (") Quem( <p>>’ 33

V) =\ (2o )

where the index a represents the set of quantum numbers
(nk) = (njl), and Q,,, (also referred as Q?m) is the spherical
spinor [108]. Here, we use [, and I; to denote the orbital
angular momenta of the upper and lower components of the
Dirac spinor ¥,,, respectively, and [, 4+ [; = 2j. Notice that
if the quantity « denotes (jl,), —« corresponds to (jly).
Considering both positive and negative energy states in the
spherical DWS base, the expansion of the spinor (28) can be
expressed as

Vorm@) =Y CaiVan®) =D Yuem®),  (34)

where the expansion coefficient C,; [i represents (vrm)] is
restricted as a real number, and ,,.,, reads as

1 giK QKm
- (35)
r l]:uc Qﬂ(m

with giK = Zn Cn/c,iGnK and EK = Z,, Cm(,iFm(~

Vf\mm = Z Cm(,iwm(m =

In the present work, we concentrate on the RHF La-
grangian PKOi (i = 1, 2, 3) [78,86]. Notice that PKO2 con-
tains the o-S, -V, p-V, and A-V couplings, and in addition
PKOI1 and PKO3 take the 7-PV coupling into account. Thus,
the RHF energy functional can be expressed as

E=E""+) (E) +Ej), (36)
¢

where EXNM = (dy|T|®p), and EJ and EJ are the Hartree
and Fock terms of the two-body potential energies E4 =
(Po|Vy|Pg) with ¢ = o-S, w-V, p-V, 7-PV, and A-V.

With the expansion (34), the kinetic energy functional EXi
can be derived as

BN = Z v} Z / dr{fik [ddgr + =G — Mf,-K}

dFi
dr

K
- gil( - 7-/—'.”( _MgiiciHy (37)
where vl-2 (€ [0, 2]) denotes the occupations of the orbit i.
For PKOi, only the local self-energies Xg and X( remain
in AP Eq. (26), and the relevant scalar and baryon densities,
i.e., ps and pp, can be deduced as

even

pe =Y Pix)ix) =Y _ pl*(r)Py,(cos®),  (38a)
i Ad

even

po =Y @)y Yix) = o} (1P, (cos 9),

A

(38b)

where P, is the Legendre polynomial, A, shall be even integer
starting from O because of the parity conservation, and the
cutoff of A; is determined naturally by the truncation of the
DWS base in the expansion (34). The expansion term p*¢ can
be derived as

1 pha0
P =D 0 ) DT,
i KK’

|: gil( (r)gik’ (l")
X

2mr?

Fie (r)Fie (r) ] (39)

2mr?

where £ in squared brackets corresponds to the baryonic
and scalar densities, respectively, and for the symbol Z see
Eq. (A4) for details.

With the expansion of densities (38), the Hartree terms of
the energy functional E f can be expressed as

2
Ef_s = 771’ Z/rzdrﬁgf’a_s(r)p;‘d(r), (40a)
A

2w
Eg—v = > Z/rzdrﬁéj’w_v(r)pzd(r), (40b)
Ad

where the expansion term of self-energies are given in
Eq. (A9). For the other two vector couplings, i.e., the p-V and
A-V couplings, the expressions can be obtained similarly as
the -V ones, and the details can be found in Appendix A 2.
For the contributions from the Fock terms to the energy
functional (21), namely EZ, they can be expressed in a unified
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form as

/drdr Z Z guq -'T'.m]

K1K2

Y (e
XKI,K2;¢ XKI,K2;¢ » EKZ r[’

G,mm F,mm

where ¢ represents the o-S coupling, the time and space
components of the vector (w-V, p-V, and A-V) ones, and
the 7-PV one. Here, we introduce R to denote the nonlocal
density terms, which appear in the nonlocal self-energies
Ys, Yr, X, and X as source terms,

R,j,:/r mn(rv }",) = Z v?gvnm,/c (r)gwrm,lc’(r/)v (42)
R () —Zv Gommu (N Fommu (), (43)
Resam( 1) —Zv Formac(F)Gumme (), (44)

R am( 1) = Z V2 Famic (D Fvame (). (45)

For the details of the nonlocal self-energies Yg, Yr, Xg, and
Xr in Eq. (41), the readers are referred to Appendix A 3.

D. Density dependent meson-nucleon couplings

In the current RHF approach, namely the DDRHF theory,
the nuclear in-medium effects are introduced phenomenolog-
ically by taking the coupling strengths as the functions of
density pp, [86,87], i.e.,

8s(Pp) = 8p(p0)fp(§), forgp =0-S, -V, (46a)
8o (0p) = gy (0)e™ ™", for gy =g, fp, fr, (46D)
where & = pp,/po, po is the saturation density, and
1+ by(& +dy)*
fp®) = ag——2> 0= (460)

O ¥ ep& +dp)

The parameters a, b, ¢, d in the expressions (46) are de-
termined with the parametrization referring to the properties
of nuclear matter and the selected finite nuclei [78,86,87].

Under the axial symmetry, the coupling constant g4 can be
expressed in terms of the Legendre polynomial as

even

2s(op) = _ 8 (pw)Ps, (cos D), 7)

where A, shall be even integer due to the parity conservation
and its cutoff is decided by the convergence requirement. The

expansion term g;;” is calculated by

1
g;”(pb) = / 1 d(cos #)Py, (cos 9)gg(pp)- (48)

Because of the density dependence in g4, one has to take the
rearrangement term Xy into account to preserve the energy-
momentum conservation [58]. The variation of the coupling

constants g4 can be expressed as

38, ap;
8g¢(pb>—ZZPA,,<cosﬁ>Za i’d aCb 8Cain  (49)

a,i hp

where the fraction term 3,02”/ 0C,,; can be deduced easily

from the expression of o, *4 (39), and the term Bg "/ a,oh" i
derived as

Ap
g, A x /' 9
%9 d cLo 2 8¢
dtPL(1)=2, (50)
3/?2" Z Cropun) o

where dg,4/0pp is determined by the density-dependent form
(46), and L = 2L + 1. Notice that both g and 9g} /3,
are calculated numerically, in which the integration is evalu-
ated with the Gaussian algorithm. Due to the density depen-
dencies in the coupling strengths, the rearrangement terms,
which appear in the self-energy M, can be simply expressed
as

SR =D (BRa+ T, (51)
¢

where the detailed contributions from the Hartree and Fock
terms are given in Appendices A 2 and A 3, respectively.

E. Eigenvalue equations: Dirac equations with the
spherical DWS base

Since the Dirac spinors (28) are expanded on the spherical
DWS base, the total energy of an axially deformed nucleus
is expressed as a functional of the coefficient set {C,;}. The
variation (23) is therefore performed with respect to C,;,
which leads to a series of eigenvalue equations as

H™C; =¢,C,. (52)

Notice that the expansion of the Dirac spinor [see Eq. (34)]
contains N = (Nr + Np) x K,,, terms, and Nr, Np, and K,
will be introduced in the following context. Therefore, H™" =
(H7")is a N x N square matrix, and C (C,,i) is a column
matrix with N terms. The eigenvalue, i.e., the single-particle
energy ¢&;, can be determined by diagonalizing H™", as well
as the eigenvector C;.

Similar to the single-particle Hamiltonian in the integrod-
ifferential Dirac equation (24), the matrix H™™ in Eq. (52)
consists of three parts, i.e., the kinetic H", local H?, and
nonlocal HE terms,

H =H"" 4+ HP + HE, (53)

where the subscript (7wm) is omitted. With the spherical DWS
base, the kinetic term can be expressed as

. dFE,
Hy' = /dr{ - Ga[
dr

dGa
+ F, |: + - G ME,/]}, 54)

K
a — MGa’i|

dr

where a = (nk) and a’ = (n'«’), and for HX" it requires k =
«’. For the local H a% that contains the Hartree mean fields and
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rearrangement terms, it can be expressed as

:/er( Ly 12 gl (Ga Fa)

G
[yox s+ Z Toly + zgd] (F ) (55)

where ¢’ represents the vector channels, i.e., the w-V, p-V,
and A-V couplings. For the nonlocal term, it can be expressed
with the nonlocal mean field Yg, Yr, Xg, and X in the energy
functional (41),

HE, _Z/drdr(G F,),

ki’ ¢ kK,
o o (56)
Xgeo xpd Fe),
G,mtm Foam /7 (rr) r

In this work, we focus on the RHF Lagrangians PKOi (i =
1,2, 3) and ¢ represents the o-S, w-V, p-V, 7-PV, and A-V
couplings.

F. Pairing correlations: BCS method with Gogny force

For the open-shell nuclei, the pairing correlations play an
important role in determining the properties of ground state,
particularly for the nuclei close to the drip line [47,74,109—
112]. For the deformed nuclei, the pairing correlation also
plays an essential role in the shape evolution of nucleus since
the single-particle structure will be largely changed with the
shape evolution. In this work, the pairing correlations are
considered with the BCS scheme.

For the even-even nuclei, the BCS ground state can be
expressed as

m>0

IBCS) l_[(u, +vicjeD)l-), (57)

where vi2 (e [0, 1]) represents the occupation probabilities,
”;‘2 + vi2 =1, and i denotes the time reversal partner of the
state i. From the variation with respect to v;,

S(BCSI(H — Aﬁ)IBCS) =0, (58)
the gap equations can be derived as

m>0
'

_ vap—7
/ )\')2+A2

where N is the particle number operator, the chemical poten-
tial A is introduced for particle number conservation, A; is
the pairing gap of state i, and the pairing interaction matrix
element can be written in following general form:

VIP = ({@[VPPITy — (Ve (60)

(39)

In order to provide a reliable description of the pairing
effects, we adopt the Gogny force D1S [113] as the pairing
force to take advantage of the finite range, i.e., the natural
convergence with the configuration space in evaluating the

pairing effects. It is essential for the exploration of the shape
evolution of the nucleus, since the single-particle spectrum is
largely changed with respect to the deformation. The Gogny-
type pairing force reads as
VIP(rr) = Y er i
x=12
x (W, + B, P°

— H,P* —M,P°P") (61)

with the parameter u,, W,, By, H, and M, (x =1, 2) as the
finite range part of the Gogny force, and P’ and P* are the spin
and isospin exchange operators, respectively. Consistently
with the expansion of the propagator (30), the coordinate part
of VPP is also expanded in spherical coordinate (r, ¥, @),

Vellr —rl)y = e/

—znZv“(r BN ACHNRCIDE

A=0 n
(62)
where the radial part reads as

2 /
- 2 2 2
Vearlrr') = e~ P o Hx . (63)
: 2rr ui

In order to abbreviate the expression, we rewrite the Gogny
pairing force as

V) =21 Y (A +DyP)Y Vi r)

x=12 2=0

xZme RIACED) (64)

with A, =W, — H,P* and D, = B, — M, P*. For given or-
bits i and i’ in an axially deformed nucleus, the pairing inter-
action matrix element V)" can be derived under the spherical
DWS base as

Vpp /drdr Z lK 'k’ lK lK)

YK?(’ YF KI(K; 'k’ 65
*\ ga X, KF ; (65)
KK! r,r') i, 'k’ )
where K¢ ;. and K ;. read as
: el f f'/ ’
Klfl’(( ) glKglK , Kl{il’(( ): IKY 'K , (66)
2mr? 2mr?

and the nonlocal parts Y¢, Y7, XY, and X7 have the follow-
ing form:

_ 1
YK(,;{, =3 ZVX~}‘(V’ r)
XA
x [(Ay + D )(Ckl, 1)2 (Czoz'o)z]’ (67)

vho=- ZVM(M)(A +D,)(C, )" 69
)(A
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_ 1 / 2
XK(,;{, =5 ZVX,A(V, r)(Ay +DX)(C;§j’—%) ’ (69)
XA

_ 1 ,
XKFK, = 5 ZVX,,\(r, r)
XA

<[4 +D(C, 1) = De(Clly) ] 0)

In the above expressions, the sum over A shall fulfill » 4/, +
I! to be even. Notice that in deriving V/)”, the L-S coupling
scheme is used [74] and for simplicity we only consider the
contribution of the main componentJ =0 (J = L + S).

G. Dirac Woods-Saxon potentials and deformation parameters

In calculating the nuclear structure under the CDFT, the
self-consistent iteration starts in general from an initial po-
tential. In this work, we take the local Dirac Woods-Saxon
potentials [72] as the initial ones, which are also used in
determining the spherical DWS base. The only difference
is that in the initial DWS potential we need to consider
the effects of deformation, i.e., to choose appropriate initial
deformation parameters By. With the underlying iteration, the
calculation will converge to a local minimum of the energy
functional nearby .

In the Dirac equation, the local self-energies consist of
the vector and scalar terms, i.e., 2o + J/OZS, which are also
referred to as X1 = Xy £+ Xg for convenience. As an initial
one, the local self-energy X7 and the nonlocal ones in Dirac
equation (24) are set to be zero, and the Woods-Saxon type
local ¥4 can be expressed as follows:

1-— ao(N - Z)'L'3/A

3 =4V +VE, /1
+(r) 0l [(r Rr3)/ 2 c (71a)
ﬁ 1—ay(N—-Z A
-,;3(’_) [ o( )T3/ ] Vctz, (71b)

1 + exp[(r — R®)/a®]

where the isospin projection operator t3 is defined with
the convention that t3|n) = |n) and 13|p) = —|p), and RE =

'L A'? represent the empirical radius of neutron or proton
for the nucleus with mass number A, and V. represents the
Coulomb potential between protons (73 = —1). The parame-
ters in the Dirac Woods-Saxon potential, being used in this
work to provide the spherical DWS base and initial potential,
are given in Table I.

In the Dirac Woods-Saxon potentials (71), the Coulomb
potential between protons is evaluated by assuming the charge

TABLE 1. Parameters of the Dirac Woods-Saxon potential, and
Vo = —71.28 MeV and ay = 0.4616 [72]. Except the dimensionless
a,, the other parameters are in fm.

ay ro,+ ro,— ay a_
Neutron 11.1175 1.2334 1.1443 0.615 0.6476
Proton 8.9698 1.2496 1.1400 0.6124 0.6469

distributed uniformly,

V= az( = & h R (72a)
— when r < R,
2\ 2% ~R ) enr a

Ve = OlZ;, whenr > R, (72b)
where R, = Rﬁfzfl, and « is the fine-structure constant that
represents the coupling strength of Coulomb interaction.

Different from determining the spherical DWS base, one
has to take the deformation effects into account in the initial
DWS potentials (71). If restricted with the spherical symme-
try, one can divide a nucleus into spherical shells with equal
density at various radial distances. Extending to an axially
deformed nucleus, the surface with equal density becomes an
ellipsoidal one, which can be described as

R ) = Ro[l + 3 w0, w)}, (73)

A

where R corresponds to the radius of spherical nucleus with
equal volume. Considering axial symmetry and the reflection
one with respect to the z = 0 plane, R(¢, ¢) can be further
reduced as

RO = Ro| 14| o pGeosto = D] 0
167

where B describes the deformation of a nucleus deviated from
the spherical shape, and the positive and negative values of
B correspond to the prolate and oblate shapes, respectively.
In the DWS potentials (71), the empirical radii R} shall be
replaced by RE (9, B), leading to £F = TP (r, 9; ),

[5
joi[1+ Eﬂ(Scoszﬁ—l)}, (75)
1 -2/3 ) —-1/3
R’3i=(§*iA1/*<1 55) (1+§5> . (76)

where 6 = 34/5/16 8, and the values of ”0 . are given in
Table 1.

For the initial DWS potentials X3 (r, ¢; 8), similar expan-
sion terms as the local self-energies in the Hartree energy
functional (40) can be determined by

RE(W:B) =

TP (r) = / ZE(r )P, (cos D) sinddd,  (77)
0

where the integration can be evaluated with the Gauss-
Legendre algorithm. The initial matrix in the eigenvalue equa-
tion (52) is then obtained by replacing the expansion terms
¢ £ T in HP, Eq. (55) with 27, since the kinetic part
12‘“ only depends on the DWS base and the nonlocal part H

is set as zero.

With the expansion of densities (38), it is rather straight-
forward to deduce the intrinsic multiple moment Q,, for a
deformed nucleus as

[ 8 4 0
= T 1271' drr*p, (r), (78)
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and with obtained quadruple moment Q», the quadruple de-
formation 8 can be evaluated approximately by

VS5m0,

T ™

where Ry = 1.241/3.

III. RESULTS AND DISCUSSIONS

As the first attempt of the RHF calculations with the DWS
base for an axially deformed nucleus, we first introduced the
space truncation in this section. As the convergence check of
the space truncations, we show the test calculations for the
light ?°Ne, midheavy *°Fe, and heavy Pb isotopes. Further we
concentrate on the structure properties of 2’Ne described by
the RHF Lagrangians PKOi, as compared to the calculations
with the RMF Lagrangian DD-ME2 [114] and available ex-
perimental data.

A. Space truncations

Within the DDRHF theory, the calculations for axially
deformed nuclei in this work are performed by applying the
expansion of Dirac spinor on a spherical DWS base [66],
i.e., Eq. (34). Related with that, two additional expansions
shall be considered carefully, namely the decompositions of
the propagators (30) in spherical coordinate (r, ¥, ¢) and the
expansions of the coupling strengths in terms of Legendre
functions (47). Thus, one needs to handle the truncations
related to (nk) in Eq. (34), A, in Eq. (30), and A, in Eq. (47).
In fact, these three truncations are not independent from each
other. For a given 1, in Eq. (47), the propagator’s expansion
Ay is automatically truncated by the cutoff on (nk) in the
spherical DWS base. Eventually, two independent truncations
remain, namely the cutoffs on (n«) in expanding the Dirac
spinors (34) and A, in expanding the density-dependent cou-
pling strengths (47).

For the Dirac spinor v, with axial symmetry, in which
the parity # and angular momentum projection m are good
quantum numbers, the expansions (34) are carried with re-
spect to the principle quantum number 7 and k quantity on the
spherical DWS base {y,,.»}. For completeness, both positive
and negative energy states of the spherical DWS base have
to be taken into account. One should not mix this with the
no-sea approximation adopted in the mean field approach,
which corresponds to neglecting the Dirac sea in calculating
the densities or currents. Notice that in expanding the Dirac
spinors (34)—(35) the sum over the principle quantum number
n is carried beforehand. Thus, for all the included « blocks,
the numbers of positive and negative energy states can be
simply fixed as the same Nr and Np values, respectively. One
just needs to consider enough large Ny and Np values, and
such choice does not bring additional costs in the calculations,
since the complicated nonlocal self-energies are independent
on the principle quantum numbers v or n (see the Appendix
for details).

In general, the Dirac equation with the spherical DWS
potentials are solved in a spherical box with the size R,,. To
keep the numerical accuracy, the Ny value shall be modified

with respect to R,,. In most of the cases, it is accurate enough
to set R, as 20 fm, and Ny and Np are chosen as 28 and 10,
respectively, and the accuracy has been verified in the RHFB
calculations [67]. For the « cutoff, we use K, to denote the
number of « blocks included in the expansion (34) of the Dirac
spinor V¥, (28). In total, the number of the expansion terms
in Eq. (34) is then K, X (Ng + Np).

For the open-shell nuclei, one needs to truncate the con-
figuration space in evaluating the pairing effects. Practically,
such truncation corresponds to the maximum values of m
and v of each m orbit. In this work, the finite-range Gogny
force DI1S is introduced as the pairing force such that the
calculations can be smoothly converged with respect to the
truncation. Thus, one can consider v and m values as large as
possible. For the former, it does not increase the numerical
burden in calculating the Fock terms which are the dominant
costs paid in the calculations. However, for the maximum m
value mp,x, the computation costs can be enlarged by times
when increasing mmax.

In order to unify the cutoffs and reduce the numerical
complexity, we set the maximum m value as mpy,x and the
number of x blocks considered in expanding the Dirac spinor
Yomma, 18 set as K, ., which gives the maximum absolute «
value as kmax = Mmax + Kn,,,, — 1/2. Hence, for an arbitrary
Dirac spinor ¥, the ¥ quantities in the expansion (34) in-
clude |k|=m+1/2, m+3/2, ..., kmax and sign(k) = 7 *
(=Dl 7 = £1 being positive and negative parities, respec-
tively.

For a given nucleus, the my,, value is usually determined
by the convergence requirement of the BCS pairing. Practi-
cally, both the mpnax and kmax (or K, ) values are decided by
a careful convergence check. For instance, in the case of large
deformation, some orbits containing the components with
large « values may intrude even across the well-known major
shells. Thus, one needs to enlarge mm, and K, . values,
which can remarkably increase the computational cost.

For the density-dependent coupling strengths (47), the A,
value shall be an even integer starting from 0 because of
the axial symmetry and parity conservation. In general, it is
accurate enough to have four terms A, = 0,2, 4, 6 for most
of the nuclei. Thus, with fixed truncation in expanding the
Dirac spinor, the cutoff on the A, value in decomposing
the propagators (30) is automatically determined as A =
2kmax + AR )

B. Convergence check

At first, we take the light nucleus *°Ne as an example of
the convergence check. Figure 2 shows the binding energy
[plot (a)] and the quadruple deformation B [plot (b)] as
referred to the m-cutoff mp,y, in which K, is fixed as 3.
In Fig. 2(a), it is seen that the binding energies converge
when mp,, = 9/2, as well as the deformation parameter
shown in Fig. 2(b). On the other hand, it is also shown that
with different initial deformation gy, the calculations converge
to the local minimum nearby. One may notice that with
Mmax = 3/2, the calculations with By = 0 and 0.5 give the
same binding energies. For 2°Ne with spherical symmetry, the
last occupied orbits are ds;, which exceed mpmax = 3/2. Thus,
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TABLE II. Binding energy Eg (MeV), quadruple deformation 8
(the total), B, (neutron), B, (proton) of 3Fe calculated by PKO1 and
PKO2 with respect to my,y, in which K, is fixed as 3 and the initial

deformation By = 0.3. Notice that E;* = —492.26 MeV [115] and
BP =0.25[116].

PKO1 PKO2

Mmax EB .B ﬁn ﬂ V4 EB ﬂ ﬁn ,3 P

7/2 —4899 024 024 024 —-4893 022 022 022
9/2 —4899 024 024 024 —-4894 022 023 022
11/2 —490.0 024 024 024 —4894 023 023 0.22
13/2 —490.0 024 024 024 —4894 0.23 023 0.22
15/2 —490.0 024 024 024 —4894 0.23 023 022

the calculations with By = 0 can not converge to spherical
shape. Considering the convergence of the binding energy and
deformation, it is precise enough to choose mm,x = 11/2 and
K, = 3 for *Ne.

Here, we only show the convergence check with respect
to mpyax. For the expansion of the density-dependent coupling
strength, A,)** has been checked for the nuclei with a wide
range of mass numbers, and it is enough to choose A?‘”‘ =6
for most of nuclei. For the K, value, it is accurate enough
to fix K,,,,,, = 3 with appropriate mpy,y value that is in general
decided by the configuration space of the pairing correlations.
For economical reasons, one can carefully choose an appro-
priate combination of the mim,y and K, values.

We further check the convergence for the medium-heavy
nuclei, here, taking Fe as an example. In Table II is shown
the binding energy Ep (MeV), the total, neutron, and proton
quadruple deformations 8, B,, and B, with respect to the m-
cutoff mmax, in which K, is setas 3 and By = 0.3. It is seen
that for both PKO1 and PKO2, the calculations are converged
after mpmax > 11/2. Even in the cases with myx < 11/2, the
results are rather close to the converged ones. It is similar
to the calculations of *°Ne with By = 0.0, which converge
quickly when my,, > 5/2. This is due to the reason that
with small deformation or spherical shape, the contributions
from high « blocks contribute little to the expansion of the
Dirac spinor V,,,, whereas with large deformation, e.g., the
calculations of 2°Ne with By = 0.5 in Fig. 1, the components
with large « values may have substantial contributions.

For the heavy nuclei, we take the even Pb isotopes
from '"$2Pb to 2'*Pb as examples for the convergence check.
Table III shows the binding energies calculated by PKOi
and DD-ME2, and the experimental (exp) values [115] and
the results calculated with the spherical code (Sph.) are also
given as the references. For the calculations with deformed
(Def.) code, mp,y is set as 15/2 and K, = 3. Notice that
in both Sph. and Def. calculations the pairing correlations
are treated with the BCS method by taking the Gogny force
DIS as the pairing force. For all the selected isotopes, the
Def. calculations with By = 0 give the spherical shape. It
can be seen that the deviations between the Def. and Sph.
calculations are rather tiny (dozens of keV), particularly for
the doubly magic 2°Pb, which in fact illustrates the accuracy
of the Def. code in calculating the heavy nuclei. For the

-162

—

-154

-156

Eg (MeV

-158

-160

0.55

. 0.50

045 o / -
L .',” A DD'ME2 BO = 05 -
0.40 1 | | | | | |

3/2 5/2 7/2 9/2 11/2 13/2 15/2
m

max

FIG. 1. Binding energy Ep (MeV) (a) and quadruple deformation
B (b) of ®Ne calculated by PKOi and DD-ME2 with respect to
Mmax, in which K, is fixed as 3. The open symbols denote the
calculations with the initial deformation By = 0 and the filled ones
for By = 0.5.

open-shell Pb isotopes, the accuracies are as perfect as the
doubly magic 2°*Pb, and the relative deviations are usually
less than 0.01%. For the matter radii, a similar accuracy can
be also obtained by the Def. code, which is not shown for
simplicity.

As a further example of the convergence check, we choose
the heavier nucleus 2?’Rn that has the reported experimental
quadruple deformation as 8 = 0.1269 [117]. It is worthwhile
to notice that for the heavy nuclei the truncations of the
expansions (34) and (47) shall be tested carefully. Here, we
take five terms A, =0, 2, 4, 6, 8 in expanding the density-
dependent coupling strengths (47) for ?Rn. Using PKO1
and DD-ME?2, the convergence tests with respect to Mmax
are shown in Table IV, including the binding energy Eg,
matter and charge radii r and r.;,, and quadruple deformations
(B, Bn, Bp). As shown in Table IV, both RHF (PKO1) and
RMF (DD-ME2) calculations show appropriate convergence
with respect to my.x, which has illustrated the reliability of
the expansion on the DWS base. Moreover, both RHF and
RMF Lagrangians provide a reasonable description on the
bulk properties of 2?’Rn, referring the available data.

C. Description of >’Ne

After a careful convergence check, we performed system-
atical calculations for 2°Ne, a typically deformed nucleus.
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TABLE III. Binding energies of Pb isotopes with even neutron numbers form N = 100 to 132, calculated with spherical (Sph.) and axially
deformed (Def.) RHF codes. The results are calculated with the RHF Lagrangians PKOi and the RMF one DD-ME?2, in comparison to the
experimental data [115].

PKO1 PKO2 PKO3 DD-ME2

A exp Sph. Def. Sph. Def. Sph. Def. Sph. Def.

182 —1411.65 —1411.76 —1411.80 —1411.94 —1412.13 —1412.61 —1412.64 —1409.81 —1409.88
184 —1432.02 —1431.28 —1431.31 —1431.78 —1431.98 —1432.09 —1432.11 —1429.22 —1429.31
186 —1451.80 —1450.32 —1450.34 —1451.18 —1451.38 —1451.07 —1451.08 —1448.12 —1448.21
188 —1471.07 —1468.94 —1468.97 —1470.16 —1470.35 —1469.63 —1469.64 —1466.66 —1466.77
190 —1489.81 —1487.19 —1487.22 —1488.73 —1488.92 —1487.82 —1487.83 —1484.91 —1485.01
192 —1508.10 —1505.09 —1505.15 —1506.91 —1507.08 —1505.68 —1505.70 —1502.90 —1503.01
194 —1525.89 —1522.68 —1522.75 —1524.69 —1524.84 —1523.23 —1523.26 —1520.65 —1520.75
196 —1543.17 —1539.97 —1540.05 —1542.06 —1542.19 —1540.48 —1540.52 —1538.18 —1538.27
198 —1560.04 —1556.97 —1557.04 —1559.01 —1559.11 —1557.44 —1557.49 —1555.48 —1555.55
200 —1576.36 —1573.67 —1573.71 —1575.52 —1575.61 —1574.12 —1574.17 —1572.54 —1572.61
202 —1592.19 —1590.04 —1590.06 —1591.58 —1591.65 —1590.48 —1590.53 —1589.35 —1589.40
204 —1607.51 —1606.03 —1606.05 —1607.15 —1607.20 —1606.50 —1606.53 —1605.87 —1605.91
206 —1622.32 —1621.54 —1621.55 —1622.11 —1622.13 —1622.04 —1622.06 —1622.00 —1622.02
208 —1636.43 —1636.29 —1636.29 —1636.00 —1636.01 —1636.80 —1636.81 —1637.39 —1637.40
210 —1645.55 —1644.26 —1644.23 —1643.54 —1643.55 —1644.79 —1644.77 —1644.19 —1644.20
212 —1654.52 —1652.13 —1652.04 —1650.98 —1650.99 —1652.65 —1652.59 —1651.00 —1651.01
214 —1663.29 —1659.88 —1659.74 —1658.31 —1658.30 —1660.35 —1660.26 —1657.82 —1657.83

First, we show the constraint calculation with respect to the
quadruple deformation 8 for 2°Ne in Fig. 2, where the space
truncations are set as mmax = 11/2 and K, =3 and the
filled cycles denote the local minima. For comparison, we
employed the RHF Lagrangians PKOi and the RMF one DD-
ME2 [114].

For 2°Ne as shown in Fig. 2, the RHF Lagrangians PKO1
and PKO3, which contain the 7-PV coupling, present rather
similar results. In contrast, the RHF Lagrangian PKO2 and
RMF one DD-ME?2 give systematically less bound results.
Referring to the experimental value of the binding energy
of ?Ne, it can be seen that PKO1 and PKO3 show nice
agreement, and the results given by PKO2 and DD-ME2
are less bound and the deviations are ~5 MeV. It shall be
mentioned that there exists some discrepancy on the binding

energies between our results and the ones in Ref. [104]
(Figs. 1 and 9 therein). For the RMF Lagrangian DD-ME2,
our results are coincident with the calculations using the code
developed from Ref. [65], while showing about 1.5 MeV less
than the one in Ref. [104]. Moreover, for the RHF Lagrangian
PKO2, the calculations in Ref. [104] (Fig. 1 therein) only
present nearly converged results for 2°Ne, showing similar
deviation from our calculations as DD-ME2. The possible
reason might be due to the fact that stronger pairing effects
are obtained by the general Bogoliubov method [104] than the
BCS method [118]. The local minima extracted from Fig. 2

T T T T T T T T T

MO My = 112K, =3

- ET Mmax E

A35 -

RN — PKO1

TABLE IV. Binding energy Ez (MeV), quadruple deformations 140 I 1
(B, B, Bp), matter and charge radii r and r;, (fm) of 220Rn calculated >
by PKO1 (upper panel) and DD-ME2 (lower panel) with respect g 145
tO0 Mpax, in which K, . =3, 1, =0,2,4,6,8, and the initial de- ~
formation By = 0.2. Notice that E;* = —1697.796 MeV [115] and uf 150
B = 0.1269 [117].
Mimax EB r Yen IB ;Bn ﬂp 1 55 |
13/2  —1696.27 5753 5659 0.1241 0.1275 0.1189 -160 |-
15/2 —1696.89 5.755 5.661 0.1297 0.1330  0.1246 |
17/2  —1697.20 5757 5.663 0.1334  0.1369 0.1280 0.8 0.4 0.0 0.4 0.8
19/2  —1697.28 5758 5.663 0.1345 0.1381  0.1290 B
13/2  —1694.75 5726 5656 0.1237 0.1273 0.1182
15/2  —1695.17 5728 5.658 0.1271 0.1305 0.1217 FIG. 2. Binding energy Ep (MeV) as a function of deformation
17/2  —1695.34 5729 5.659 0.1287 0.1322 0.1232 B for 2°Ne. The results are calculated by PKOi and DD-ME2 with
19/2  —1695.36 5729 5659 0.1288 0.1323  0.1233  Mtmax = 11/2 and K, = 3. The filled circles denote the local

minima.
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TABLE V. Deformations (8, B,, B,), binding energies Ejp
(MeV), and matter radii r (fm) and charge radii r.;, (fm) of 2°Ne at
local minima given by PKOi (i = 1, 2, 3) and DD-ME2. Notice that

E;Xp = —160.65 MeV [115].
Eg B B By r Yen
PKO1 —140.74 —-0.798 —-0.791 —-0.805 3.054 3.168
—153.56 —-0.121 —-0.117 —-0.124 2.745 2.873
—159.43 0.561 0.554 0.567 2.820 2.943
PKO3 —140.12 —-0.817 —-0.810 —-0.824 3.081 3.194
—153.13 —-0.121 —-0.118 —-0.124 2.755 2.883
—159.26 0.580 0.573 0.586 2.835 2.958
PKO2 —152.86 —0.080 —-0.077 —0.084 2.726 2.855
—155.56 0.520 0.514 0.527 2.791 2915
DD-ME2 —151.53 —-0.180 —-0.176 —0.184 2.764 2.895
—156.26 0.541 0.533 0.548 2.813 2.940

are summarized in Table V. Within the range 8 € (—1.0, 1.0),
there exist three local minima in the PKO1 and PKO3 results:
a stable and strongly deformed prolate, a soft oblate, and a
high-lying and largely deformed oblate. For the formal two
prolate and oblate shapes, PKO2 and DD-ME2 present rather
similar deformations, while the largely deformed oblate is not
supported.

From Table V and Fig. 2, one can see that the selected
effective Lagrangians give similar binding energies on the
oblate minima [8 ~ (—0.1, —0.2)] of 20N, particularly for
the RHF ones PKOi. When approaching the prolate minima,
the ground state of 20Ne, the deviations between PKO2 and
PKO1 (PKO3) become more and more notable. Eventually,
PKO1 and PKO3, which contain the 7-PV coupling, show

ceq

& 3OS IS, X Y]
) - 0 io 0.80‘30

\\

@ E; by PKO3 i
40T o Eg by PKO2 7
131/2 .............................................................
| 1Sua., e
44 1 1 1 1 1 1

00 01 02 03 04 05 06
B

much better agreement with the experimental data of the
binding energy of *’Ne [115].

In order to understand the deviations between PKO2 and
PKOI1 (PKO3), we show the evolution of neutron (left panel)
and proton (right panel) single particle energies with respect
to the quadruple deformation B € [0, 0.6) in Fig. 3, where
the notation v[m]m is introduced to denote the orbits. It can
be seen that both neutron and proton single-particle energies
show similar systematical evolutions with respect to §. Fol-
lowing the shape evolution, both neutron and proton spherical
shells N/Z = 8 are continuously reduced and eventually the
deformed ones N/Z = 10 emerge at rather large B values.
In general, the orbits, which are branched from the same
degenerated spherical orbits n/j (j > 3/2), will deviate from
each other with respect to the deformation §. As seen from the
PKO?2 results (dotted lines), the orbits 2[1/2]+ and 1[1/2]—
with the smallest m values, respectively branched from the
spherical 1ds;, and 1ps/, states, tend to be more and more
bound, whereas the ones 1[5/2]+ and 1[3/2]— with the
largest m values become less and less bound, along the shape
evolution from the spherical to prolate. This in fact reflects the
typical deformation effects.

However, comparing to the results given by PKO3 which
contains the w-PV coupling [78], the situation can be notably
different. As shown in Fig. 3, PKO3 (solid lines) and PKO2
(dotted lines) present different systematics on the shape evo-
lution of the valence orbits branched from the degenerated
spherical one 1ds;. In order to understand the effects of the 7 -
PV coupling, Fig. 4 shows the splittings between valence neu-
tron orbits 2[1/2]+ and 1[3/2]+, namely AE = Ey3/24 —
Eorim+ (MeV), with respect to the quadruple deformation
B, and the inset shows the effective neutron pairing gap A,
(MeV) as functions of . It can be seen that following the

P PRI ]
0000 o,
. ¥,

Jfhuee ey

1

Er by PKO3|
Er by PKO2

\\

1 \\ 1

1 1 1 1 1 1 1

0.0 01 02 03 04 05 06

B

FIG. 3. Evolution of neutron (left panel) and proton (right panel) single particle energies given by PKO2 (dotted lines) and PKO3 (solid
lines) for 2°Ne with respect to the deformation B € [0, 0.6), in which the filled and open circles denote the Fermi energies E given by PKO3

and PKO2, respectively.
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FIG. 4. Splittings (MeV) between neutron valence orbits
2[1/2]+ and 1[3/2]+ given by PKO3 (solid line) and PKO2 (dotted
line), namely AE = Ej;3214+ — Ep[1/214, With respect to the defor-
mation B € [0, 0.6) for *°Ne, where the grid pattern denotes the
contributions from the 7-PV coupling in PKO3. The inset shows the
neutron pairing gaps A, (MeV) as functions of 8 given by PKO3 and
PKO2.

0.4 0.5

shape evolution from the spherical to the prolate, PKO3 (solid
line) presents notably larger splittings AE than PKO?2 (dotted
line), and the enhancements from PKO2 to PKO3 are almost
fully due to the contributions from the 7-PV coupling (in grid
pattern).

Qualitatively, one can understand such enhancement from
the nature of the tensor force carried by the 7-PV coupling
in PKO3 [78,90], which leads to repulsive/attractive cou-
plings between the « components with the same/opposite
signs [119]. As a supplement, we show in Fig. 5 the propor-
tions (in percentage) of the main expansion components [see
Eq. (29)] as functions of the deformation 8 for the neutron
orbit 2[1/2]+, namely the « components 1ds; (k = —3),
ld3/2 (k =2), and 2S1/2 («x = —1). For both PKO2 (dotted
lines) and PKO3 (solid lines), the negative k component
1ds/> dominates the expansion of the Dirac spinor (more than
60%). In fact, for another two neutron orbits 1[3/2]+ and
1[5/2]4, which are not shown for simplicity, the negative «
component 1ds;, plays a compressively dominant role (more
than 90%). Similar situation can be also found in expanding
the proton orbits. If looking at the core configurations of
both neutron and proton (N, Z = 8), only one orbit 2[1/2]—
can be dominated by the positive k¥ components 1p;,, (k =
1), and the other three (1[1/2]+, 1[1/2]— and 1[3/2]-)
contain mainly the negative x components, which indicates
the core exhibiting as the negative xk components in total.
Thus, the tensor force components carried by the w-PV
coupling in PKO3 presents additional repulsive interactions
between the core and valance orbits 2[1/2]+, 1[3/2]+, and
1[5/2]+.

However, for the orbit 2[1/2]4, the proportions of the
positive x component 1d;,, (k = 2) are notable, which are

100 F—T =~ 1 1 * 1T ™ 1T * 1
Neutron 2[1/2]+]

\

A\ | R T B B |

Proportion (%)

I3,2-Comlponent 7

0.5

N T B
0.1 0.2 0.3

p

FIG. 5. Proportions (in percentage) of the main components in
expanding the neutron 2[1/2]4 orbit for 2°Ne with respect to the
deformation g € [0, 0.6], namely the 1ds,,, 2s)),, and 1d3,, compo-
nents. The results are given by PKO3 (solid lines) and PKO2 (dotted
lines).

0.4 0.6

largely enhanced from PKO2 to PKO3 following the shape
evolution. In contrast to the negative x component 1ds,,
the tensor couplings between the positive ¥ component 1d3 />
and the core, that behaves like negative ¥ components, are
attractive, which tends to make 2’Ne more bound. Compar-
ing to the orbits 1[3/2]+ and 1[5/2]+, the repulsive tensor
couplings between the orbit 2[1/2]4 and the core are then
notably reduced by enhanced proportions of the positive «
component 1ds/,, from which one can understand well the
enhanced splittings AE from PKO2 to PKO3 in Fig. 4, as
well as more bound ground state given by PKO3 than PKO2
in Fig. 2.

On the other hand, via the 7-PV coupling, the core of
20Ne can be also polarized differently by the valence nucleons
in the PKO2 and PKO3 calculations, manifested as notably
different compositions of the valence orbit 2[1/2]+ in Fig. 5.
It is thus expected that the mean field described by PKO2 and
PKO3 can be notably different. As the direct evidences, not
only presenting different compositions of the valence orbit
2[1/2]4, PKO2 and PKO3 also give distinctively different
systematics on the shape evolutions of the orbits 1[3/2]+
and 1[5/2]+, see Fig. 3. Coincidentally, one may also find
some similarity on the shape evolutions of the orbits 1[3/2]+
and 1[5/2]+, and those of the 2s{,, and 1d3,, proportions
for the orbit 2[1/2]+, see Figs. 3 and 5. To some extent,
such similarity might illustrate the consistent relation between
the systematics of the orbits 1[3/2]4 and 1[5/2]+ and the
core polarization by the valence nucleons occupying the orbit
2[1/2]+. It shall be noticed that the shape evolution of the
orbits 1[3/2]+ and 1[5/2]+ cannot be attributed directly to
the role of the tensor force, because both orbits are similarly
dominated by the negative ¥ component 1ds,,. Moreover, the
pairing correlations may not play a substantial role in inter-
preting the systematic difference between PKO2 and PKO3,
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since both show similar pairing effects, as seen from the inset
of Fig. 4.

IV. SUMMARY

In this paper, the axially deformed relativistic Hartree-Fock
(RHF) model is established by utilizing the spherical Dirac
Woods-Saxon (DWS) base that can probably describe the
asymptotic behavior of wave functions. The formalism of
the axially deformed RHF model based on spherical DWS
base is presented in details, as well as the relevant space
truncations. Taking the light *°Ne, midheavy >°Fe, and heavy
Pb isotopes as the candidates, the reliability of the expansions
are illustrated, as well as the verification of the accuracy of the
deformed RHF codes.

The axially deformed RHF model based on the spherical
DWS base is applied preliminarily to study the structure
properties of 2°Ne, a typically deformed nucleus, with the
RHF effective Lagrangian PKOi and RMF ones DD-ME2. It
is found that the RHF Lagrangians PKO1 and PKO3, which
contain the m-pseudovector coupling, improve the description
of the binding energy of ’Ne. Furthermore, the discussions

J

on the systematics of the shape evolution of single-particle
energies indicate that the w-PV coupling, mainly the tensor
force component, may present notable effects in determining
the shape evolution of nucleus, as well as the polarization of
the core of nucleus. Thus, as perspectives, it is valuable for
investigating the effects of the Fock terms, especially the -
PV and p-T couplings, in determining the structure properties
of the deformed nuclei, which deserves further systematical
investigations with the existing RHF Lagrangians PKO: and
PKAI.

ACKNOWLEDGMENTS

This work was partly supported by the Strategic Priority
Research Program of Chinese Academy of Sciences, Grant
No. XDB34000000, and by the Natural Science Foundation of
China under Grant Nos. 11675065, 11875152, and 11905088,
and by the Supercomputer Center of HIRFL, Lanzhou. The
authors acknowledge fruitful discussions with the colleagues
in Institute of Modern Physics.

APPENDIX: ENERGY FUNCTIONALS AND SELF-ENERGIES IN VARIOUS COUPLING CHANNELS
1. Compounded symbols

In the energy functionals, it is more convenient to express the expansion of the coupling strengths as

2s(p) = V21 Y g (MY 0(9. ),

Ap

(AD)

where g4 corresponds to g5, 8, &y and fr. In practice, we performed the integrations with respect to the angle variables

= (9, @) since the expansion of the wave functions ,,, is carried on the spherical Dirac Woods-Saxon (DWS) base ;.
Such integration contains the Harmonic functions given by the expansions of the propagators (30), the coupling strengths (A1),
and the couplings between the spherical spinors,

/A 1 . 4
2”fdSZYMMd(Q)Y)»)V—MF‘V(SZ)YAPO(SZ) = _A.d)\.y)\. CA"O %50

ﬁ AdOA 0 Aaphy—uw’
where u = g = py, and (g, La), (Ay, y) and A, denote the terms due to the couplings between the spinors, the expansions
of the propagators and the coupling strengths, respectively. As an abbreviation, we introduced the symbol ® to denote the above
integration,

(A2)

y 1 A0 2,0
(%'x,, (— 1)“3’\4’\ yh Gl Gt (A3)
For the couplings between spherical spinors, we introduce the following symbols 2 (2) and Q (Q) as
1 444
A 1 L0 m
lel:nl skomy T ﬁ]ljZ)" CJ jz_fc‘]l—l‘ﬂ[‘]zm’) (A4)
@lihllfn] Koy (_1)Kl gli:#—m[ Kol ? (AS)
A j1 4+ — 3 ) A0 ~IM o d JM
QKft;:] Joamy = (—1 )jl b \/3]1]211 ) Z CI,OZ20CA/L10 11] 112 A le —my jony? (A6)
J 2 2
Qetmseoms = (D Qs (A7)
In the symbols 2 and 2, w=my—m and it = my + my, and for Q and O, one can find u +0 =my —m; and i + 0 =
my + m;. With these symbols, the couplings of the spherical spinors can be simply expressed as
hon 2 cos Z Pl y QL eQP _ e 1)"“ : haltao
Jimp 2% jam: =T 50— Kimyscamy T Adtd s R4 jim Jamy T ZQKWI Koy Mlldea’ (A8)
1my 2my \/ﬂ » 1M 3K2m; 1my 2y 1mpik

iuo
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where e, is the covariant spherical base vector with o = —1, 0, 4+1. Notice that the quantity x denotes the combination of the
quantum numbers (j, /).

2. Energy functionals and self-energies from the Hartree terms

For o -S coupling and the time component of w-V one, the self-energies from the Hartree terms can be expressed as

s = —2m Zga”(r) / r2dr’ Z O R, ()Y OA, ” & ()l (), (A9a)
)J Ay

Tt (r) = 427 Zgw”(r) / rdr’ Z@m R, () €5, g (o (). (A9b)
)J A

Thus, the relevant energy functionals read as

2 2
EP =+ 7” / rdry " pld(NTE (), ED = +7” f rAdry " pp (NZg, (), (A10a)
A Ad

For the tlme component of p-V couphng, such expressions can be obtained by replacing g (g ) with gp (g ) and ,02” (,025’ )

with ,ob, (,017 ), where ,ob 5= ,ob N~ ,0}7 o For the Coulomb field (A-V coupling), these expressions can be deduced by setting
Ap = )»;) = 0 and replacing the nucleon density p, as the proton one p,. For the Hartree terms of the space components of the
vector couplings, as well as the 7-PV couplings, the contributions are derived as zero.

Since the coupling strengths g,, g, and g, are density-dependent, the variations of the energy functionals (A10) may lead
to the additional rearrangement terms as

8
ag(rp o )\.’) A
Seairy=—21Y Y m[ Mpy} / r2dr'RS A(rr)Z(ak (8005, (A11)
A Apha apy, r o,
agw / w /: A
SR =+21) )0 m[ p’ﬂ / AR, ) YO g5 0,1, (A12)
Ay Apha r Y

3. Energy functionals and self-energies from the Fock terms

For the Fock terms, the expressions are much more complicated than the Hartree terms. Notice that in deriving both the
Hartree and Fock terms, we have set the angular momentum projection m to be positive for convenience. Thus, we need to revise
the expansion of the spinor v,,,. In principle, one can set the time conjugation partner as V¥, _, = P,lpw,m, E being the time
reversal operator, and the expansion of v, _,, reads as

‘W\mfm = Z(_ 1)j+l“7m1ﬂwcfmv (AIS)

where, by definition, v, and ¥, _,, share the radial components G;, and F;,. For the Hartree terms, it does not bring additional
complexity. While for the Fock terms, one has to carefully treat the couplings between the orbits m and —m’ (m, m’ > 0). It can
be found that the partner (—m, —m’) present identical contributions to the one (m, m’), and the partners (m, —m’) and (—m, m’)
provide identical contributions.

To express the contributions of the Fock terms in compact form, we introduce the symbol D for 0-S coupling and the time
component of the vector ones as

o Ayt 1 A Py A A
iy — § : dn et e ha i Ayt Ay ]
DK[IQm;K{Kém/ - 2 [‘@mm;/(]’m"@/(ém’;xzm@)»dk )J )J + ‘@Iqm/( m ‘@K m';, K2m®)»dA @ d}\. (A]4)
)\.d}\./
Nrpkphyit— P Mgl Ayl
phye _ L’“’ 11/" Ayl Ay At att yl yi ]
DK[sz;Kl/Kém/ - Z kymicm’ ﬂfﬁm ﬂczm@)\d)\ ®A A, + ‘@/qm/c m' ‘@7K2’m’;7kzm®)hdk[,®)»;)\;) ’ (AIS)
)\.d}\./
AAphyhyi—t L,p, My Ayl Ayt AL Ay Ayl Ay
DK[sz;K{Kém/ 5 Z —icpm;—icim’ ‘@Kém’;/(zm@)»d)\ ®A X, + ‘@ﬂqm —ym’ @Kém’;i{yn@)ndk,,@)\’dl;,]’ (A16)
)ud)\/
D Z g gl NI @Mt 4 Gl Gk ert ebh ] (A17)
Kimsic khm’ —Kkimy—kim' < —kim's—kom " Aahp )J )d —kymy—kym' = —kym' s —kom " Aahp )»(’,Np .
)»d)\.’
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Notice that the terms contains & symbols correspond to the contributions from the partners (m, m’) and (—m, —m’), and those
containing the symbols & for the partners (m, —m’) and (—m, m’). Thus, the nonlocal self-energies of the o-S coupling can be
expressed as

K1.k20 » o Ny dyitt
YELe = +_25” ZRH ()Y g (r)g! (r)ZR P (D (A18a)
K /(2 )\p)»
K1,K2;0 1 — AhpAn Ayt —
YFlrrni = _E 28”’/ ZR:—’K’ n/m/(r r ) Zg”p(r)g (}’ )ZR)» Ay ( )DK’Kém sKikom? (Algb)
w'm K{K) A[,A
X Kk20 S ZR ( R )‘)‘ shyi—+ AlS8
Goam A T’ K| iy 7' m! 7, V)Zg (r)g (}" )Z K']Kzln wikam’® ( 9
'm KiK) Aph),
K1,Kk2;0 )‘ Apohys
Xphom® = +—an > R () Y 87 (108 (r)ZR T DL (A18d)
KiKS A A

where the sum over v’ has been absorbed into the nonlocal densities R, and the factor 8., indicates that the orbits 77m and 7'm’
should be both neutron or proton ones. In terms of the nonlocal self-energies, the energy functional of the o-S coupling reads as

Youm — Yeam \ (Y
/drdr Z (e [ B e (A19)
K1k G,mtm F.mm ' e J

where v? (€ [0, 2]) is the occupation number of the orbit (vrm). For the rearrangement terms, the contribution to the self-energy
23" can be similarly expressed as

SEH = / ar Z 2 (G T (P Gorma  Prmog (gim (A20)
ik ik o . ,
K1K2 l l Qg,;[(lzﬂ,)\.d Q?,;';(;l,)ud rr ]:l'K2 »
where the terms P and Q read as
K1,K2;0 / aga()x AAA++
PG{”;LM = +_ 28” ZRK Kb 7w'm! (r,r )Z 8,0)»4( ) 8/ (r )ZR Knsz Kikam’ (A2la)
KKy )\p)ﬂ) b
o , g (r) Pyt
PR = —— 3” Y Rl ,r)Za el )ZR T D (A21b)
KK} Aph), 'Ob
K1,K230 Bg (1) )»,, A dyi—
Qpmne = ——— 8n YRt ()Y 0’ o (r )ZR T (D (A21c)
KK} Ap )J
QL —+L D b Y R (n )Y S A e (r )ZR Py (A21d)
Famig — 27 T KKy, ' m N = 9 l);d( r) K]’Kéln/ Kykom”®
m'm’ KK Py

For the time components of the vector couplings, similar expressions can be obtained by replacing the expansion terms of
the propagator R;’y », and the coupling strengths g’},” in Egs. (A18), (A21) with the corresponding ones, and additionally the plus
signs in the Y, X, Pg, and QF terms should be changed as the minus one. It should be also noticed that for the isovector p-V
coupling, the factor §,, shall be replaced by (2 — §.). For the Fock terms of the Coulomb interaction, there is no arrangement
term and for the nonlocal self-energies [see Eqs. (A18)] only A, = )\;, = 0 terms remain.

For the space component of the vector couplings, we take the w-V coupling as examples, and the others can be similarly
deduced. To write the expressions in a compact form, we introduce the symbols B as

S Ayt 1 5 N o 5 N fio
P>y — d o d M y Ayt 4o a M Ayt Ayt ]
BKI’Kém’;K]sz - 2 Z [Q—K{m'.)qmQ—Kém’,l(zm@)ud)u ®)J A, Q —Km’ KlmQ—Kém’,KglnG))ud)» ®A’ A, (A22)
A,)J
Doy dyit— Ad“g A,uo Al Ayl ohts Ao Ay Ay
KeKym 5K ko m =5 7/( micm qu 7K2m®)nd)» ®)J )J + Q*K m KlmQKém’,7K2m®MA,;®)L;)»;)]’ (A23)
)»(1)» o
Ay o A =i Yy M AL
_ ' Z ano G Ml Ayl Aafio o B My ]
BKll{zm KKom Kym',—Kkym ﬂcém’,/czm@)»d)\ ®)J x, + Qk{m’,ﬂqmkaém’,/czm®)w,)up®)L;1)L;7 ’ (A24)
)\.d}\.:l
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Sk i — 1 A Mo Sl
priys _ 41O dt Ayl Ayl Ad Lo
B I =5 § [Q m ka’m’,f ®)»d)» ®A’ X, + Qk{m’,ﬂqm

Kyl sic kom 2 ym',—kym Kom
)\.,j)\.:ia'

Kym',—kam  Aahp )L’ )L’

Thus, the nonlocal self-energies can be expressed as

__ Shphp,hyitt+
glnl;%lw - + Py 28”’ ZRK’K’ 'm’ (r r ) Zgwp(r)g (}’ )ZR Ayhy (I" KIK m'sk1kom’

T'm’ KiK) A[,A’
. SApA, hyib—
e — %75, ZR e ( )Y g (Pgl (r )ZR (OB
ﬂ’m’ KK} Aphi,
. phphyi—+
Xéj;r’(éyw =T 5 Z Ser ZRK‘ K}, 'm’ (rr ) Zgwp(r)g (l’ ) ZRK Ay (r,r kak’[m Kikam?
KiKh Aphs,
. Ay
Xl"flﬂ;w +_ZSTT/ZRKK rrm(rr)zg (r)g (V)ZR )»(r KKmKll(zm'
K1) Ak,

Q)‘d.a” ® Ayt ® Ayl ].

(A25)

(A26)

(A27)

(A28)

(A29)

Here, we use the bold type @ to represent the space component. In terms of the above nonlocal self-energies, the energy functional

from the space component of the w-V coupling reads as
YK1 oMol YK1 K@ g
G,tm F,rm k2
/drdr Z Z guq -7:1'/(1) <XK] K250 X,(l o) ]:.
K1K2 G,tm F,mm ! w2 )
For the rearrangement terms, the contribution to the self-energy can be similarly expressed as
PI(1 NEX0) PK],IQ;(U g
Eg _ G,tm,rg F.om, g 29
ZR:W / dr' Z Z g”(‘ ]:”‘1 K1,K230 K1,K250 F ’
K1K2 QG,nm,Ad Famba/ yp ika )

where the P and Q terms read as

K1 ,K2 30 gw()l, Shphy byt
PGIJTm A = Zaff ZRKK 'm r, ) 9 A,( ) ]( )ZR Ayhy (I‘ K’Kém/ K1kom’
KiKS A,,A’ b
. ( ) w Sk ik —
K1,K250 , .
PF,lnrrzt,Ad_ ZSTT ZRKK J'm! ’F)Za )»11( ) [( )ZRAA(r KKm sk1kom?
K1k Aph,
) 1 8g (r) W it A=t
NoXO R +— / 4 p
Qg,;irl,kd__EZ(SfT/ZRK’Mnm ’r)Za Ad 1( )ZR KKmKIKZm’
o S 0"
01, =+ 3 Dbee DR 150 00 i, DL o
F7rm Ad T K|y, 'm’ r, 9 Ad( ) Ayhy Kl/(ém’;/q/czm'
(K Aph), Py

(A30)

(A31)

(A32)

(A33)

(A34)

(A35)

For the other vector couplings, the expressions can be obtained by replacing the expansion terms of the propagator and coupling
strengths with the relevant ones. In addition, for the isovector p-V coupling, one needs to replace the isospin factor §;,. by

(2 — 8;1), and for the Coulomb interaction only the A, = k;, = 0 terms remain.

For the -PV coupling, the situation becomes even more complicated. First there exist gradient operations over the propagator,

which can be expressed as

oo L+l

, 5 W0 A0 L A ,
V. VeDy(r,¥) =m; E E CroioCrowoVr “(mg,r, 1)
L=0 1,%}
M LM r
X E (=1 2 C Aytty 1oy yu_v(ﬁ, (P)eay § C ;_u;]q‘{y)h;—u;(ﬁ , @ )e—o')/,v
HyOy uyoy
where the radial terms read as
V)“v)‘;- . A . / 1 6 /
L (mTK’r’r):_R)\y)»;(mﬂ’rvr)_F 2]"2 (r_r)'

b/
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To have compact expressions, we introduce the symbols P and P as

Ad Lo Ayl yAp,Liyspuo
E :CLOIO Ayplo Q,(lfmg,qm®,\d,\,, =

and further the symbols A for the combinations of P and P as

¥ hd o it _ 5
’Pkim/,lqm ’ ZCLOIO A lLl(fQKim’,Klm@)\dA,, =P

Ap,Lysito

kym' kym

A\A phpLighit+ 1 ZPA Lo MUPAF,LA‘,;LU ZPAP,M‘ ﬂo-,]))\p,LA o’
Klkzm Kikomo T 2 Kim' kK m /czm JKom Kim! ,kym sz JKom ’

Do Ligrir— 1 Dl MU,PAF,LA‘,/LU Prliiio 3 Lo
KiKkhmikiom 2 : : Kym' kym —Kym’ ,—kom : : Kym' kym 71{2"1 —iom |

S D=+ 1 Ao Lhyifls o d LA s'o” hpLhyific LA
ey =~ 2737” R > —I—EP, Y 2 )
Ky Khm! Kk m 2 Kim',—kym” khm’ kom kim',—kym” khm’ kom

S Laii—— 1 ZP,\ Lhyiuo i Lo’ n ZP,\ LAyo PA”’L'\ o’
KK 3K koM 2 Kim',—kym” —iym’,—kam kym',—kym” —iim’,—kam [

(A38)

(A392)

(A39b)

(A39c)

(A39d)

whereu +0 = +0’'=m—m'and it + 0 = i’ + 0’ = m + m’. With the defined symbols, the self-energies from the 7-PV

coupling can be expressed as

) L1 ,

Yo' = o 2(2 Bee) YR () Y SO DV
KKz Aphy L a,
L+l

Vian” = 57 Z@ 8ec) YR o () Y SO DY DV
K15 Aphs, L
L+l

Xomn =37 Z@ = 8ee) YR () O 30V
K1Kz APA;} L )\y}h;
L+l

EEARL SR ) 3 oINS DY) D) SRV
'm' k(i )LPA;) L )\y)‘;

In terms of the nonlocal self-energies, the energy functional from the 7-PV coupling reads as

CI;(1K2,JT Y;1K2 \TT
S, TTm Tm
EE ~PV = /drdr Z Z Gicy (1) ‘EKl(r)) XKk KT
K1K) G,mtm F.mm !
Similarly the rearrangement term E,’i’;d can be expressed as
Eaa _ Pamas  Frizma,
ER:rr dr Z Z gm (r) ]:l/q (r)) KakpsTT Kakp,TT
K1k QG,nm,)Ld QF,nm,Ad o
where the terms P and Q read as
8f ") ;\ L1 . A
Pé‘%——DZ—fSn)ZR”m DD e DB IV
[} Ak, dpy (r ) L A,
1162, 1 - / dfz"(r) i, A,
Pt = 5 22— 8ee) D R (1) Y S <>ZZV
T G Ak, Ipy" (r ) L 3k
L+1
K1k, T __ 28 R f ( ) A VAA
Qs = —Z( 20 SOy eI
KiKS A,,)U ( ) L a5
afk ") ,v L+1
QR = 5o Z@ —8e) YR () Y S () )Y
jics o 9P (r ) L a,
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Ky Kym! K ko m
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)
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(A41)

(A42)

(A43)
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. .. Y I
Besides, the contact term is introduced to compensate the zero-range term in V;”™ [see Eq. (A37)]. The Hartree contributions
from the contact term are derived as zero, and the Fock contributions read as

1 1 fr - fr -
$ fg 14
Ejr =—5%X3 2(2 - 81:,'1’,') drdr’ _'(pvmnVSywv’ﬂ/m/ . _WV’n’m’VS}’WUnm 8(" - r’), (ASO)
2 3 i’ My r LMx r
where the § function can be decomposed as
S(r—r) ad
M
sr—r)=——5— D)"Y (P, )Y-m(@', ¢"). (A51)
)
L=0 M
To express the contact term compactly, we introduce the symbols & as
i A WMo MO L oL | AMEG GAT oLi oLi
Ky Kom K kom =5 Z [le’m’,/qmQkém’,i(zmokdk,,@k’dk;) + QK[m’,KImQKém’,sz AdprA:,A},]’ (ASZ)
har,Lo
Skt 1 hpo Mo L gl | Saio  AMAS Li ol
%kaém’;lqkzm =5 Z [le’m’,/qmQ—Kém’,—xzme))»d)»,,@k&k;] + le’mﬁklmQ—K,:m’,—sz akp A&A;,]’ (A53)
rar, Lo
Syt _ 1 rano Mipo  oLn oL Ao SMAS LR L
‘@K{l(ém’;;qkzm =5 Z [Q—K;m’,—l(]mQkén‘l/,l(zm®)\d)\p®)\;}\;) + Q—K{m’,—KlmQKém’,sz Aﬁ»;;@?»ﬁ,)»;,]’ (A54)
har, Lo
Shphi—— ] rano 3o L ole | Sraiio ~iio Li gL
%K{Kém’;lﬂl{gm =75 Z [Q—K;m’,—/qmQ—Kém’,—xzm®kdkl,®)\£{)ﬂp+ Q—K;m/,—K]an—Kém’,—sz Aahp )L:I)L’p]' (ASS)
rar, Lo
Thus, the energy functional of the contact term can be expressed as
) Ki1Kkp,7T8
1 Al 7 Gix, (r)
8 2 ,Tm Tm 2
E” = 5 dr Z Y; Z (giKI (r) ]:i'(‘ (I‘)) K1K2,7T8 K1K2,7T8 F ? (A56)
i K1K2 XG,mn XF,nm rr iKZ(r)
where the self-energies read as
1 s
K1k, T8 ++ Ap Ayt phpitt
Voo™ == e 2 2= b)Y R L ) Y S O (DB o (AS7)
i 'm’ KK Aph),
1 A Shophl+—
Kiko, w8 __ _ +— Ap V phpit
Vi = ey D 2= 8e) YR L (D) Y O VB (A58)
T oa'm! KK Ay,
1%2 P™p
1 by A
Ki1ky, T8 __ —+ Ap o phps +
Xgoa == a3 2 Q= 0e) D Rl (50 Y S O DB (A59)
T am KK Aphi,
1 AN ——
Kk, w8 _ — Ap Ay P
X == s D 2= 8e) Y R () Y SO DB o (A60)
™ K13 Aphly
The rearrangement term in the self-energy can be derived as
KK, TS PK[,K;,,T[(S g (
o (1)
G,tm,\ F,rm,\ ik
SR =30 (G () Fug ()| o ) (A61)
R, l 1 1 Kakp,TT8 KaKp,TTS F (r)
i K1k QG,er,Ad QF.er,Ad rr k2
with the P and Q terms as
Az
1 afy"(r) a P R
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A
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