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Properties of the liquid-gas (LG) phase transition of thermal nuclear matter are investigated within the
relativistic Hartree-Fock (RHF) theory, focusing on the role played by the in-medium balance between nuclear
attraction and repulsion. Applying the RHF Lagrangian PKA1, rather different critical properties and LG phase
diagrams are obtained in contrast to the other popular relativistic Lagrangians. Aiming at such notable model
deviations, a series of testing parametrizations xκρ (κρ being the ρ-tensor coupling strength) are proposed to
bridge PKA1 and other popular Lagrangians. Along the systematics from PKA1 to the xκρ series and further
to other popular Lagrangians, it is illustrated that the in-medium balance of nuclear attraction and repulsion,
manifested as various modeling of the nuclear in-medium effects, is essential for the van der Waals-like
behaviors of thermal nuclear matter, in which the residual nuclear in-medium effects deduced from the dominant
attractive and repulsive channels play a significant role. Our study paves a way to model the in-medium nuclear
interactions from the thermal statistic aspects of nuclear systems, e.g., referring to the critical temperature from
future delicate experiments.
DOI: 10.1103/PhysRevC.103.014304
I. INTRODUCTION

Features of nuclear matter at finite temperature are of fundamental significance in nuclear physics. Due to the van der
Waals-like behavior of nucleon-nucleon interaction, namely
the natures of short-range repulsion and medium-long-range
attraction of nuclear force, the so-called liquid-gas (LG) phase
transition similar to that in condensed matter can occur in
subsaturated thermal nuclear matter [1,2]. In experiments, the
LG phase transition is explored from the survey of the nuclear
caloric curve and multifragment distribution in heavy-ion collisions [3–9]. The LG phase transition of thermal nuclear
matter has been studied both experimentally and theoretically
over the past decades [3–22], and its important impact has
aroused extensive attention from the community in areas such
as heavy-ion collisions [17,18,20,21], nuclear astrophysics
[23–27], etc.
The LG phase transition can occur in symmetric and asymmetric nuclear matter. In symmetric nuclear matter, lots of
effort has been devoted to the critical parameters of the LG
phase transition, particularly for the critical temperature TC .
In general, TC is predicted as 10–20 MeV by various nuclear
models [2,12,13,28–32], showing notable uncertainty. In fact,
it is also very hard to deduce a precise TC value from the
experimental side [4,5,9,16]. However, the correlations between TC and other LG critical parameters, such as critical
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pressure PC , or other bulk quantities of nuclear matter can
help us to reduce the uncertainty [33]. In asymmetric nuclear
matter, the isospin dependence of the properties of the LG
phase transition has attracted much attention of the experimentalists in recent years [7,8,34,35]. Theoretically, a phase
diagram structure in a wide range of isospin asymmetry and
pressure is predicted for the LG phase transition [13,30,36–
40]. The relation between the LG phase diagram properties
and the equation of state of nuclear matter, especially the
symmetry energy, has been studied intensively [13,30,38,41],
but is missing a quantitative interpretation from the aspect of
nuclear force.
As one of the popular nuclear models, the relativistic
mean-field (RMF) theory that contains only the Hartree terms
of the meson-nucleon couplings, also referred to as the covariant density functional theory (CDFT), has been used to
great success in describing the properties of finite nuclear and
nuclear matter [42–50]. To provide accurate descriptions of
nuclear properties, such as the appropriate incompressibility
of nuclear matter [43], the nuclear in-medium effects have
been introduced on the level of the RMF approach, by collaborating with either the nonlinear self-couplings of mesons
or the density dependencies of the meson-nucleon coupling
strengths [51–57]. Practically, the RMF models have been
widely applied to study the LG phase transition of thermal
nuclear matter [13,37–39,58]. For instance, the critical temperature TC was predicted by the RMF calculations around 15
MeV [13,37–39,58], still showing certain model dependence.
For the behaviors of the LG phase diagram, it is suggested
by the RMF models that the size of the LG phase coexistence
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area may be dominated by the slope of the symmetry energy
[13,37–39].
Almost in parallel with the development of the RMF
theory, there also exist some attempts on the relativistic
Hartree-Fock (RHF) descriptions of finite nuclei and nuclear
matter [59–62], whereas the quantitative accuracy of the RHF
calculations is not comparable with the conventional RMF
models at that moment. Until considering the density dependencies of the meson-nucleon coupling strengths, namely the
density-dependent relativistic Hartree-Fock (DDRHF) theory
[63–66], accuracy similar to that of the RMF models was
achieved on describing the nuclear structure and nuclear matter properties with the proposed RHF Lagrangians PKOi (i =
1, 2, and 3) [63,65] and PKA1 [64], and a series of significant improvements was also found with the presence of the
Fock terms [67–80]. Notice that the nuclear in-medium effects
have been evaluated phenomenologically by using the density dependencies of the meson-nucleon coupling strengths in
DDRHF [63,64].
Recently it has been revealed in Ref. [81] that because
of the ρ-tensor (ρ-T) coupling, which contributes a fairly
strong attractive potential, the in-medium balance between
the nuclear attraction and repulsion carried by the σ -scalar
(σ -S) and ω-vector (ω-V) couplings is notably changed in
PKA1, compared to the other RMF and RHF Lagrangians. As
a result, it brings notable improvement upon the restoration
of the pseudo-spin symmetry (PSS) [82–88] of the high-l
pseudo-spin (PS) partners, and the spurious shell closures
found commonly in the RMF calculations and the RHF ones
with PKOi [64,81,89] are eliminated. In fact, the RHF models with PKOi have also been applied in studying the LG
phase transition of thermal nuclear matter [33] and predict
similar LG phase transition properties as the popular RMF
models. Considering the ρ-T coupling, namely PKA1, we find
in this work that the predicted LG phase transition properties become notably different. In analogy to the restoration
of the PSS in finite nuclei, it inspires us to investigate the
physics that is essentially related to the LG phase transition
of thermal nuclear matter, particularly for the role of the ρ-T
coupling.
In this work, which employs the finite-temperature RMF
and RHF models, the critical parameters and phase diagrams
of the LG phase transition of thermal nuclear matter are studied in detail by focusing on the role of ρ-T coupling and the
deduced effects. The paper is organized as follows. The formalism of the RHF theory for thermal nuclear matter is briefly
introduced in Sec. II. In Sec. III we present the calculated
results and discussions, including the general properties of the
LG phase transition in Sec. III A and in Sec. III B the role
played by the ρ-T coupling, as well as the deduced effects.
Finally, a short summary is given in Sec. IV.
II. RHF FORMALISM FOR THERMAL
NUCLEAR MATTER

Based on the meson exchange picture of nuclear force,
the Lagrangian density, a starting point of the RHF theory,
can be constructed by considering the degrees of freedom
associated with nucleons (ψ), two isoscalar mesons (σ and ω),

two isovector mesons (π and ρ), and photons (A). For uniform
nuclear matter systems, the photon field A, which describes
the electromagnetic interactions between charged particles, is
ignored in this work. Thus, the Lagrangian density can be
expressed as
L0 =LM + Lσ + Lω + Lρ + Lπ + LI ,

(1)

where the Lagrangians Lφ (φ = ψ, σ , ωμ , ρ μ , and π ) represent the free nucleon (ψ) and meson (σ , ωμ , ρ μ , and π ) fields,
LM = ψ̄ (iγ μ ∂μ − M )ψ,

(2)

Lσ = + 21 ∂ μ σ ∂μ σ − 21 mσ2 σ 2 ,

(3)

Lω =

− 41

μν

μν

+

1 2
m ω ωμ ,
2 ω μ

(4)

Lρ = − 41 Rμν · Rμν + 21 mρ2 ρ μ · ρμ ,

(5)

Lπ = + 21 ∂μ π · ∂ μ π − 21 mπ2 π · π ,

(6)

with the field tensors μν ≡ ∂ μ ων − ∂ ν ωμ , Rμν ≡ ∂ μ ρ ν −
∂ ν ρ μ , and F μν ≡ ∂ μ Aν − ∂ ν Aμ . Incorporating with the
Lorentz scalar (σ -S), vector (ω-V and ρ-V), tensor (ρ-T), and
pseudo-vector (π -PV) couplings, the Lagrangian LI , which
describes the interactions between nucleons and mesons,
reads as

LI = ψ̄

− gσ σ − gω γ μ ωμ − gρ γ μ τ · ρμ


fρ
fπ
ν μ
μ
σμν ∂ ρ · τ −
+
γ5 γ ∂μ π · τ ψ.
2M
mπ

(7)

In the above Lagrangian densities, M and mφ denote the
masses of nucleons and mesons, and gφ (φ = σ -S, ω-V, ρ-V)
and fφ  (φ  = π -PV, ρ-T) represent relevant meson-nucleon
coupling strengths. Here we use arrows for isovectors.
Notice that in the RHF Lagrangian PKO2 [65], only the
σ -S, ω-V, and ρ-V couplings are considered, and further in
PKOi (i = 1 and 3) [63,65] the π -PV coupling that contributes
only via the Fock terms is taken into account. In this work,
we focus on the RHF calculations with PKA1 [64], which
is further implemented by the degree of freedom of the ρ-T
coupling that plays the role almost fully via the Fock terms.
To provide accurate descriptions of nuclear matter and finite
nuclei, the meson-nucleon coupling strengths gφ and fφ  are
assumed to be functions of the nucleon density ρb to evaluate
the nuclear in-medium effects, and the details can be found in
Refs. [63,64].
From the Lagrangian density (1), one can get the Hamiltonian density H via the Legendre transformation. Following
the standard procedure in Ref. [60], the energy functional E ,
namely the energy density of nuclear matter, can be obtained
by taking the expectation of the Hamiltonian H with respect
to the Hartree-Fock ground state |0  [60,77],
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where E kin , E D , and E E correspond to the kinetic, the Hartree,
and the Fock potential energies, respectively, and φ = σ -S,
ω-V, ρ-V, ρ-VT (the ρ-vector-tensor coupling), ρ-T, and
π -PV (ρ-VT for the ρ-vector-tensor coupling). For further
details, please refer to Refs. [33,77].
In this work, we devote ourselves to the LG phase transition of thermal nuclear matter. To take the effects of finite
temperature into account, we introduce the grand canonical ensemble in quantum statistical mechanics, in which the
thermal equilibrium for a statistical N-body system can be
deduced from the variation of the grand canonical potential
,
= F − μN = E − T S − μN.

(9)

In the grand canonical potential , F , E , T , S, and μ are the
free energy, the total energy, the temperature, the entropy and
the chemical potential of thermal nuclear matter, respectively.
Since nuclear matter is a fermionic system, the FermiDirac distribution nτ (p) is introduced for thermal nuclear
matter as
nτ (p) =

1
,
1 + exp[(ε(p, τ ) − μτ )/T ]

(10)

where ε(p, τ ) is the single-particle energy of the state i =
(p, s, τ ), and p, s, and τ correspond to the momentum and
the spin and isospin projections, respectively. Here we appoint
τ = 1 and −1 for neutron and proton, respectively. For further
details, the readers are referred to Ref. [33]. In the following,
we just briefly recall the quantities of the LG phase transition
which we focus on.
To study the LG phase transition of thermal nuclear matter,
particularly the coexistence of the liquid (L) and gas (G)
phases, one needs to solve the phase coexistence equations,
namely the Gibbs conditions,




G G
μLτ T, ρbL , δ L =μG
(11a)
τ T, ρb , δ ,




PL T, ρbL , δ L =PG T, ρbG , δ G ,
(11b)
where ρb is the nucleon density and δ represents the isospin
asymmetry, i.e., δ = (N − Z )/(N + Z ). The pressure P of
thermal nuclear matter can be obtained from the thermodynamic relation as

∂ F
P =ρb2
= TS +
μi ρi − E (ρb , δ, T ).
(12)
∂ρb ρb
i=n,p
For symmetric nuclear matter, the critical point, namely the inflection point of the pressure curve with respect to the nucleon
density ρb , can be determined by the following condition,


∂ 2 P 
∂P 
=
= 0,
(13)


∂ρb 
∂ρb2 
T =TC

T =TC

from which one can extract the critical parameters, such as
the critical temperature TC , the critical density ρC , the critical
pressure PC , etc. It is worthwhile to mention that there exists
a linear relationship among the PC , the ρC , and the critical

incompressibility KC [33]:
KC + 18

PC
= 0,
ρC

KC ≡ 9ρb2


∂ 2 F 
.
∂ρb2 ρb ρb =ρC

(14)

In fact, people often introduce the compressibility factor ZC ≡
PC /ρc TC . Thus, KC and ZC provide a concise way to understand the critical point of the LG phase transition of symmetric
nuclear matter.
III. RESULTS AND DISCUSSION

In this work, special emphasis is paid to the role of
the ρ-T coupling in determining the LG phase transition of
thermal nuclear matter. The calculations are carried out by
using the DDRHF models, as compared to the RMF models
with the nonlinear self-coupling of mesons and the densitydependent meson-nucleon coupling strengths (DDRMF). In
thermal nuclear matter, with the introduction of the FermiDirac distribution, the momentum integration from zero to
the Fermi momentum pF is replaced by the momentum integration from zero to the infinite. Practically, it is performed
by the Gauss-Legendre integral formalism with a momentum
cutoff of p = 5pF after careful numerical test. Specifically,
the phase coexistence equations (11) regarded as a set of
nonlinear equations are solved by the Powell hybrid method
[90] (see Ref. [33] for details).
A. LG phase transition described by PKA1

In this subsection, we focus on the critical parameters and
phase diagrams of the LG phase transition described by the
RHF Lagrangian PKA1. Because of the presence of the ρ-T
coupling in PKA1, the predicted properties of the LG phase
transition of thermal nuclear matter can be largely different
from the RMF calculations and the RHF calculations with
PKOi [33], as we will see.
Utilizing PKA1, Fig. 1 shows the pressure P (MeV fm−3 )
of symmetric nuclear matter as a function of density ρb (fm−3 )
at various temperatures. It can be seen that the pressure curves
given by PKA1 show the typical behavior of the S shape of
the van der Waals-like isotherm [2,11,29,31,32,91,92], being
consistent with the other relativistic calculations [33]. From
the critical point in Fig. 1, we extracted the critical parameters
of the LG phase transition of symmetric thermal nuclear matter, namely the critical temperature TC , density ρC , pressure
PC , incompressibility KC , and impressibility factor ZC . The
results are shown in Table I, as compared to the results given
by the RHF Lagrangian PKO3 [65] and the RMF Lagrangians
DD-ME2 [93] and PK1 [53].
Obviously, the TC value given by PKA1 is evidently smaller
than the ones given by the other selected Lagrangians. In fact,
the popular RMF and RHF Lagrangians predict TC = 13–18
MeV [33], values which are systematically larger than the
prediction of PKA1. Except for ρC , there also exist notable
differences in the other critical parameters between PKA1 and
the other Lagrangians. As the combination of PC , ρC , and TC ,
the ZC value given by PKA1 reads as 0.196, which also deviates notably from the values given by the other Lagrangians
[33]. All these indicate that the van der Waals-like properties
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FIG. 1. Pressures P (MeV fm−3 ) of symmetric nuclear matter
(δ = 0) as functions of nucleon density ρb (fm−3 ) at various temperatures given by the RHF Lagrangian PKA1. In particular, the red
(gray) and black solid lines represent the results at the temperature
T = 0 and the critical temperature TC , respectively.

0.20

T

=

of thermal nuclear matter described by PKA1 are rather different from the general CDFT calculations. In fact, a similar
discrepancy can be also found in the LG phase diagram of
asymmetric nuclear matter.
Figure 2 shows the LG phase diagrams of asymmetric
nuclear matter at various temperatures, calculated by PKA1
[panel (a)] and PKO3 [panel (b)]. It can be seen that when
the temperature T increases, the LG phase coexistent areas
are gradually squeezed and disappear at the critical temperature TC , namely the closer to TC the more notably reduced
the coexistent regions are, which is applicable for arbitrary
RHF and RMF Lagrangians. Comparing the phase diagrams
at the same temperature, it can be easily found that the LG
phase coexistent areas predicted by PKA1 are systematically
smaller than the ones predicted by PKO3, especially when
approaching the TC value given by PKA1, namely T  10
MeV. In fact, similar situation is also found when comparing
PKA1 and other relativistic Lagrangians. Combined with the
results in Table I, it is evident that there exists a systematical
TABLE I. Critical parameters of the LG phase transition of symmetric nuclear matter, i.e., the critical temperature TC (MeV),the
critical density ρC (fm−3 ), the critical pressure PC (MeV fm−3 ), the
critical incompressibility KC (MeV), and the compressibility factor
ZC . The results are calculated by the RHF functionals with PKO3
[65] and PKA1 [64] and the RMF functionals with DD-ME2 [93]
and PK1 [53].
TC

ρC

PC

KC

ZC

11.55
14.57
13.11
15.11

0.050
0.048
0.044
0.049

0.114
0.198
0.155
0.223

−40.69
−75.03
−62.92
−82.83

0.196
0.286
0.267
0.305

Me

V
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M
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eV

(b)
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FIG. 2. LG phase diagrams of thermal nuclear matter at the
temperatures T = TC , 11, 10, 9, and 8 MeV, calculated by the RHF
Lagrangians PKA1 (a) and PKO3 (b).

difference between PKA1 and other relativistic Lagrangians
in describing the LG phase transition of thermal nuclear matter.
As pointed out in Ref. [81], the additional degree of freedom associated with the ρ-T coupling in PKA1 contributes a
fairly strong attractive potential. It essentially changes the balance between the nuclear attraction and repulsion in nuclear
systems, as well as the modeling of the in-medium effects of
nuclear force. As a result, PKA1 improves systematically the
description of the PSS restoration of the high-l PS partners
in finite nuclei, referring to the available data [81]. Notice
that the density range of the LG phase transition, particularly
the LG phase coexistent area, is roughly coincident with the
surface regions of finite nuclei, in which the density varies
from a near saturated one to zero. Thus, the model deviations
in describing the LG phase transition of thermal nuclear matter (see Table I and Fig. 2) can be related to the modeling
of the in-medium balance between the nuclear attraction and
repulsion [81], in which the role of the ρ-T coupling deserves
further investigation.
B. Modeling of nuclear in-medium effects and LG phase
transition of thermal nuclear matter

To clarify the role of the ρ-T coupling in describing the
LG phase transition of thermal nuclear matter, we perform
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TABLE II. Similar to Table I, but for the results given by the RHF
Lagrangians PKA1 and PKO3 and the tests sets xκρ .
KC

ZC

11.55
13.58
14.08
14.67
15.26
14.57

0.050
0.038
0.043
0.048
0.053
0.048

0.114
0.151
0.176
0.206
0.238
0.198

−40.69
−70.86
−73.02
−76.24
−80.29
−75.03

0.196
0.290
0.288
0.289
0.292
0.286

0.20

0.9κρ
0.8κρ

O
3

PC

1.0κρ

PK

ρC

0.25

P (MeV fm-3)

PKA1
1.0κρ
0.9κρ
0.8κρ
0.7κρ
PKO3

TC

0.30

0.7κρ

0.15
0.10

PK

A1

0.05

a series of tests as illuminated by Ref. [81]. Starting from
PKA1, we reduce the ρ-T coupling strength κρ = fρ (0)/gρ (0)
by multiplying some factors x = 1.0, 0.9, . . ., and the density
dependence of the coupling strength gω (ρb ) is replaced by
that of gσ (ρb ) to keep the density dependencies of gσ (ρb )
and gω (ρb ) paralleled. We found that such an operation may
notably change the description of nuclear matter, especially
the saturation mechanism. Thus, to provide a reasonable description of the saturation mechanism as much as possible,
particularly keeping the binding energy E /A unchanged at the
saturation density ρ0 , we further adjust the coupling strengths
gσ (ρ0 ) and gω (ρ0 ) and the density-dependent parameters aσ ,
bσ , cσ , and dσ . The deduced parameter sets are denoted as
xκρ (x = 1.0, 0.9, 0.8, and 0.7). With these tests, it can be
helpful to understand the nuclear in-medium effects in the LG
phase transition, which are found to be essential in restoring
the PSS of the high-l PS partners [81]. It shall be remarked
that the parametrizations xκρ are not fully performed, in which
other parameters, except the mentioned ones, still remain unchanged. In the following, we mainly focus on the systematics
from PKA1 to PKO3, a representative of other relativistic
Lagrangians. Moreover, PKA1 and PKO3 have rather similar
isovector ρ-V and π -PV couplings [81]. Thus, the testing
parametrizations xκρ can be taken as the bridge between
PKA1 and PKO3, which can help us to understand the effects of the in-medium balance between nuclear attraction and
repulsion in determining the thermal equilibrium of nuclear
matter [81].
Utilizing the sets xκρ (x = 1.0, 0.9, 0.8, and 0.7), we first
performed the test calculations for symmetric thermal nuclear
matter, especially focusing on the critical points. Table II
shows the critical parameters given by the test sets xκρ , in
comparison with the original PKA1 and PKO3. It can be seen
that from PKA1 to the set 1.0κρ , in which the ρ-T coupling
strength κρ remains unchanged and gω (ρb ) shares the density
dependence of the scalar coupling strength gσ (ρb ), sudden
changes are found on all the critical parameters. On the contrary, the values of all the selected critical quantities change
smoothly along the xκρ series, approaching the predictions of
the other relativistic Lagrangians, e.g., PKO3 that does not
contain the ρ-T coupling.
Not only for the critical parameters of symmetric thermal
nuclear matter, similar systematics can be also found in the
LG phase diagrams. As an illustration, Fig. 3 shows the LG
phase diagrams of thermal nuclear matter at the temperature
T = 10 MeV, calculated by the RHF Lagrangians PKA1 and

0.00
0.0

T = 10 MeV
0.2

0.4

δ

0.6

0.8

1.0

FIG. 3. LG phase diagrams of thermal nuclear matter at temperature T = 10 MeV given by the sets xκρ (x = 1.0, 0.9, 0.8, and 0.7), as
compared to the ones given by the original RHF Lagrangians PKA1
and PKO3.

PKO3 and the sets xκρ (x = 1.0, 0.9, 0.8, and 0.7). Obviously, the phase coexistent areas are suddenly extended from
PKA1 to the set 1.0κρ with respect to both pressure and
isospin asymmetry, when setting the coupling strength gω (ρb )
to share the same density dependence as gσ (ρb ) in the set
1.0κρ . Further reducing the ρ-T coupling strength κρ , the
phase diagrams are smoothly extended, and referring to the
asymmetry δ the extension is less pronounced than referring
to the pressure P. Eventually, the set 0.8κρ presents a phase
diagram rather similar to that of PKO3. Combining the results
in Table II and Fig. 3, sudden changes from PKA1 to the set
1.0κρ are found in both the critical parameters and the phase
diagrams, and further reducing the ρ-T coupling strength κρ
the changes become smooth, leading to results similar to those
of PKO3 by the set 0.8κρ .
As mentioned in Ref. [81], the density-dependent behaviors of the isoscalar coupling strengths gσ (ρb ) and gω (ρb ) are
nearly paralleled with each another for the popular DDRMF
Lagrangians and the RHF ones PKOi (i = 1, 2, and 3), which
are also predetermined for the test sets xκρ . However, due
to the strong ρ-T coupling that changes the in-medium balance between the nuclear attractions and repulsions [81], the
density dependencies of gσ (ρb ) and gω (ρb ) in PKA1 are not
paralleled any more. Similar to the systematics of the PSS
restoration revealed in Ref. [81], the sudden changes happen
from PKA1 to the set 1.0κρ , and the changes along the xκρ
series are rather smooth (see both Table II and Fig. 3). Thus,
the predicted van der Waals-like behaviors of thermal nuclear
matter can be essentially related to the modeling of the nuclear
in-medium effects, which manifest the notable model deviation between PKA1 and other relativistic Lagrangians.
As a reliability check of the testing sets xκρ , Table III
shows the bulk properties of nuclear matter at saturation
densities obtained by the sets xκρ , in comparison with the
original PKA1 and PKO3. It can be seen that the saturation
density ρ0 , as well as the symmetry energy J and the slope
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TABLE III. Saturation properties of nuclear matter described by
PKA1, PKO3, and the testing sets xκρ with x = 1.0, 0.9, 0.8, and 0.7,
including the saturation density ρ0 (fm−3 ), the binding energy E /A
(MeV), the symmetry energy J (MeV), the slope L (MeV), and the
incompressibility K (MeV).
E /A

J

K

L

0.160
0.134
0.140
0.146
0.150
0.153

−15.83
−15.83
−15.83
−15.83
−15.83
−16.04

36.02
28.93
30.14
31.28
32.26
33.09

229.96
225.21
258.70
292.04
324.09
264.98

103.00
69.81
76.88
83.38
89.43
83.47

L, is notably reduced from PKA1 to the set 1.0κρ , in which
the coupling strengths gσ (ρb ) and gω (ρb ) are fixed to share
the same density dependence. While further reducing the ρ-T
coupling strength, namely from 1.0κρ to 0.7κρ , the values of
ρ0 , J, and L are smoothly enlarged, approaching the values
given by PKO3. In contrast to that, the incompressibility K,
e.g., the ones given by the sets 0.8κρ and 0.7κρ , tends to
beyond the one of PKO3, which limits the further reduction
of κρ . Such limitation is due to the rigid requirement of the
same density dependence of gσ (ρb ) and gω (ρb ), which may
also account for the relatively small ρ0 value given by the set
1.0κρ in Table III. Even though, it can be seen from Table II
and Fig. 3 that there is no significant difference between the
results given by the set 0.8κρ and PKO3, from which one can
understand the role played by the nuclear in-medium effects in
describing the properties of the LG phase transition of thermal
nuclear matter.
To better understand the systematics from PKA1 to the xκρ
series and further to the popular relativistic Lagrangians, we
show in Fig. 4 the correlations between the critical parameters
TC and PC [panel (a)] and the correlations between TC and
KC [panel (b)]. The results are extracted from the calculations with 20 selected relativistic Lagrangians in Ref. [33],
PKA1, and the test sets xκρ (x = 1.0, 0.9, 0.8, and 0.7). As
an additional illustration, we also present the results given
by another series of testing parametrizations xκρ∗ (x = 0.9,
0.8, and 0.7), in which the ρ-T coupling strength is similarly
reduced and the density dependencies of gω (ρb ) and gσ (ρb )
remain unchanged from PKA1. Similar to the sets xκρ , the
binding energy E /A at saturation density is also fixed as the
one given by PKA1, and the coupling strengths gω (ρ0 ) and
gσ (ρ0 ) are adjusted to get a reasonable description of the
saturation mechanism as much as possible in deducing the sets
xκρ∗ . In contrast to the sets xκρ , the calculations show that the
values of ρ0 , J, L, and K given by the sets xκρ∗ , which are
not shown for simplicity, are all enlarged from the original
PKA1 and monotonously increase with the reduction of the
ρ-T coupling strength, showing remarkable deviations from
the values given by the popular RMF and RHF models.
As shown in Fig. 4, from PKA1 to the xκρ series, in which
the isoscalar coupling strengths gσ (ρb ) and gω (ρb ) are set to
share the same density dependence, the results given by the
set 1.0κρ become suddenly neighboring to the other RHF

14

r = -0.971
r = -0.980

0.7κρ

16
15

ρ0

r = 0.968
r = 0.999
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TC (MeV)
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0.9κρ
0.8κρ
0.7κρ
PKO3
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0.8κρ
0.9κρ
1.0κρ

PKO3

0.9κ*ρ

12

0.7κ*ρ

0.18

0.26

PC (MeV fm-3)

0.8κρ
0.9κρ

0.8κ*ρ
0.9κ*ρ

1.0κρ

(a)

PKA1

0.7κ*ρ

0.7κρ

0.8κ*ρ

13

11
0.10

PKO3

0.34

(b)
-100

PKA1
-80

-60

-40

KC (MeV)

FIG. 4. Plots (a) and (b) show the correlation between the critical parameters TC (MeV) and PC (MeV fm−3 ) and the correlation
between TC (MeV) and KC (MeV), respectively. The solid circles
correspond to 20 selected relativistic Lagrangians from Ref. [33] and
PKA1, and the open circles correspond to the testing sets xκρ with
x = 1.0 to 0.7 (in red) and xκρ∗ with x = 0.9, 0.8, and 0.7 (in blue). As
the references, the solid and dashed lines represent the linear fittings
with the Pearson correlation coefficient r.

and RMF Lagrangians. Besides, as seen from Fig. 4, nice
linear correlations are preserved along the xκρ series from
x = 1.0 to 0.7, being coincident with the selected RHF and
RMF Lagrangians. In particular from PKA1 to the set 1.0κρ ,
the critical temperature TC increases greatly, about 2.0 MeV
(see Table II), which becomes farther away from the selected
temperature T = 10 MeV in Fig. 3. Following the systematics
indicated by Fig. 2, it is not difficult to understand the largely
extended LG phase diagrams in Fig. 3 from the original PKA1
to the set 1.0κρ . As we mentioned, the density dependencies of gσ (ρb ) and gω (ρb ) are nearly paralleled with each
another, i.e., gσ (ρb )/gω (ρb ) ≈ C, for the popular DDRMF
Lagrangians and the DDRHF ones PKOi (i = 1, 2, and 3),
but not for PKA1 because of the ρ-T coupling. In contrast
to the testing sets xκρ , the density dependencies of gσ (ρb )
and gω (ρb ) for other testing sets xκρ∗ are not changed from
PKA1, and nice linear correlations are found along PKA1 to
the sets xκρ∗ but notably deviate from the other RMF and RHF
Lagrangians. Thus, as indicated by the coincident systematics
from Table II and Figs. 3 and 4, it can be concluded that the
residual nuclear in-medium effects, deduced from the unparalleled density dependencies of gσ (ρb ) and gω (ρb ), play an
essential role in determining the van der Waals-like behavior
of thermal nuclear matter.
IV. SUMMARY

In this work, the liquid-gas (LG) phase transition of
thermal nuclear matter is studied by using the relativistic
Hartree-Fock (RHF) Lagrangian PKA1, and particular efforts
are devoted to the effects of the in-medium balance between
nuclear attraction and repulsion in determining the thermal
equilibrium of nuclear matter. It is found that PKA1 predicts
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rather different critical properties of the LG phase transition
for symmetric nuclear matter and notably squeezed phase
diagrams for asymmetric nuclear matter, as compared to the
popular relativistic mean-field (RMF) models and the RHF
ones PKOi (i = 1, 2, and 3), in which the density dependencies of the isoscalar coupling strengths gσ (ρb ) and gω (ρb ) are
nearly paralleled in contrast to PKA1.
Aiming at such notable model deviations, a series of testing
parametrizations xκρ based on PKA1 is proposed by setting
the same density dependencies for gσ (ρb ) and gω (ρb ) and
rescaling the ρ-tensor coupling strength κρ with the factor
x  1.0. Sudden changes of both critical parameters and LG
phase diagrams are found from PKA1 to the xκρ series, which
eventually present results similar to those of PKO3 with x =
0.8. Further, combined with the results given by another testing parametrization xκρ∗ , in which the density dependencies
of gσ (ρb ) and gω (ρb ) remain unchanged from PKA1 and κρ
is similarly reduced, it is illustrated that the van der Waalslike behavior of thermal nuclear matter is essentially related
to the in-medium balance between nuclear attraction and

repulsion, which corresponds to various modeling of the nuclear in-medium effects, and the residual nuclear in-medium
effects which originate from the unparalleled density dependencies of gσ (ρb ) and gω (ρb ) play the key role.
Our results not only reveal the significance of nuclear
in-medium effects in determining the thermal equilibrium of
nuclear matter that is meaningful for the cooling process of
neutron stars but also pave a way to model the in-medium
nuclear force from the aspect of thermal statistics of nuclear
systems, such as the critical temperature deduced from future
delicate experiments, such as heavy-ion collisions.
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